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Abstract: We consider a second-order nonlinear wave equation with a linear convolution term. When the convolution
operator is taken as the identity operator, our equation reduces to the classical elasticity equation which can be written
as a p-system of first-order differential equations. We first establish the local well-posedness of the Cauchy problem. We
then investigate the behavior of solutions to the Cauchy problem in the limit as the kernel function of the convolution
integral approaches to the Dirac delta function, that is, in the vanishing dispersion limit. We consider two different types
of the vanishing dispersion limit behaviors for the convolution operator depending on the form of the kernel function.
In both cases, we show that the solutions converge strongly to the corresponding solutions of the classical elasticity

equation.

Key words: Nonlinear elasticity, long wave limit, vanishing dispersion limit, nonlocal

1. Introduction
Assuming that u = u(z,t) is a real-valued function and ¢ is a sufficiently smooth nonlinear function satisfying

g(0) = ¢’(0) = 0, we consider the nonlocal nonlinear equation

where B is the convolution operator in the x-variable with the kernel (measure) p:

(Bu)(z) = () (x) = / w( — y) du(y).

Throughout the manuscript we assume that g is an even finite Borel measure on R. Being even implies that

the Fourier transform fi(§) of the measue p(z) is real. We further assume that, for some constants ¢y, ¢,
0<c < ﬂ(f) < co. (1.2)

We note that the right-hand side of the inequality above is trivial with ¢z = |g|(R). This condition implies that
the operator B is a positive bounded operator on the Sobolev space H*(R) for any s.
If the operator B is taken to be the identity operator I (that is, if the kernel is the Dirac delta measure

), (1.1) reduces to the classical elasticity equation

gt = Upy + G(U) g (1.3)
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written in dimensionless variables. Equation (1.3) is hyperbolic whenever ¢’(u) > —1. It models the nondisper-
sive propagation of longitudinal waves in an elastic bar of infinite length, where u denotes the strain defined by
u = w, where w(x,t) represents axial displacement at position x and time ¢. On the other hand, the linear
dispersion relation & + w?(€) = £€271(€) of (1.1) shows the dispersive nature of the solutions. Therefore, the
convolution operator B is responsible for dispersion of wave solutions to (1.1).

It is worth mentioning that the class (1.1) of nonlocal nonlinear wave equations covers various models of

dispersive wave propagation. A typical example for the measure y is © =9 + 8 where ¢ is the Dirac measure

and $ is an even L'(R) function such that 0 < ¢; <1+ B(f) for some c;. In this case (1.1) takes the form

with the usual convolution operator

(8 <)o) = [ B~ y)uty) du.
R
We also note that the class (1.1) is closely related to the nonlinearly regularized wave equation

considered in [3, 5] in which the convolution operator acts on both the linear and nonlinear terms. We stress
that the members of the linearly and nonlinearly regularized classes of nonlinear wave equations are totally

different from each other. For instance, if the kernel function 8 in (1.4) is taken as the exponential kernel

B(z) = Le~l*l in which B =1+ (1—D2)~!, (1.1) reduces to

Ut — 2”1:1: — Ugztt + Ugpzze = g(u)mm - g(u)mwzz (16)

However, if we take the same exponential kernel in the nonlinearly regularized class (1.5) considered in [3, 5],

we get the improved Boussinesq equation uy — Uzy — Ugatr = g(U)ze. To get an another member of the class

(1.4), we now consider the triangular kernel defined by S(z) = +(1 — %) for || < h and B(x) = 0 for
|x| > h where h is a positive constant. If the kernel § is taken as the triangular kernel, (1.4) reduces to the

differential-difference equation
Upt = Uz + Apu + g(U) gz, (1.7)

where Ay, is the second-order central difference operator defined by (Apu)(z) = (u(z+h)—2u(z)+u(z—h))/h?.
However, if 8 in the nonlinearly regularized wave equation (1.5) is taken as the triangular kernel, we get the
differential-difference equation uy = Ap(u+g(uw)) in [3, 5]. When this last equation is written in terms of w(x, t)
defined by u(z,t) = (w(x + h,t) —w(z,t))/h, it becomes the famous Fermi-Pasta-Ulam-Tsingou equation that
describes longitudinal vibrations of an infinite chain of identical particles [6]. We refer the reader to section 7
of [5] for more details.

In the present work we are concerned with two issues; the local well-posedness of (1.1) and the convergence
of the solutions of (1.1) to the solutions of (1.3) as B approaches the identity operator I. The second issue is
about the vanishing dispersion (vanishing nonlocality) limit of strong solutions to the Cauchy problem for (1.1).

This issue is inspired by the convergence result in [5] where the convergence from a class of nonlinearly regularized
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wave equations to the classical elasticity equation was established. We extend here the approach developed in
[5] to the linearly regularized wave equation (1.1). For this aim we first parameterize (1.1) by replacing the
operator B by the family of convolution operators B.. We then consider two slightly different approaches for
the vanishing dispersion limit. In the first approach the operators are given by B. = (§ + ¢8)* with a small
parameter ¢, a fixed L' function 8 and the Dirac measure 6. Obviously, as ¢ — 0, B, converges to the identity

operator I and we get (1.3). In the second approach the operators are B, = p.* with p.(x) = ﬁu(%) When

fR wdx =1, B, converges to I as ¢ — 0 and we get again (1.3). We note that in the second approach we can
get the parameterized form of (1.1) using the transformation (z,t,u) — (x/v/€,t/y/c,u) in (1.1). Therefore,
the second approach corresponds to the long-wave limit of (1.1). In both approaches we show that the difference
between the corresponding solutions of (1.1) and (1.3) with the same initial data remains small if the dispersive
effect is sufficiently small.

The plan of this paper is as follows. In Section 2 we prove the local well-posedness of the Cauchy problem
for the linear system associated with (1.1). In Section 3 we establish the local well-posedness of the Cauchy
problem for (1.1). In Section 4 we show that, in the vanishing dispersion limit, solutions of the Cauchy problem
for (1.1) converge to the corresponding solution of (1.3).

Throughout this paper we will follow the standard notation for function spaces and norms. The Fourier

transform U of u is defined by @(§) = [, u(x)e~**dz. The norm of  in the Lebesgue space LP(R) (1 < p < co)
is represented by || - ||z» . The notation H* = H*(R) (for s € R) is used to denote the L?-based Sobolev space

of order s on R, with the norm ||ul|z: = ( [(1+ 52)S|ﬁ(£)|2d£)1/2. C' is a generic positive constant. Partial
differentiations are denoted by D, , etc. For convenience we also introduce the notations X* and Y* to refer

the spaces defined by
X*=c([0,1),H%), Y*=cC([0,T],H*)nC"([0,T],H*"), (1.8)

for fixed T' > 0. The associated norms of X*® and Y* are given by

lullx: = sup [[w@®)lm=, |ullys = sup [lu@®)|as + sup |lue(t)][zs-1, (1.9)
0<t<T 0<t<T 0<t<T

respectively. Finally, the notations A® = (1 — D?)%/2 and [A®, f]lg = A*(fg) — fA®g are used throughout the
remainder of this study.

2. Local well-posedness for the linear system

To prove our estimates below and in the next sections, we will need the following commutator estimates given

in [7] and, for more general operators o(D,), in [8], respectively:
Lemma 2.1 Let s > 0. Then for all f,g satisfying f € H*, Dyf € L®, g € H>"' N L>,

1A%, flgll = < CID2flellgll -2 + 1l zz+llgll L)

In particular, when s > 3/2, due to the Sobolev embeddings H*~' C L, for all f,g € H®

H[Asa.f]Da:gHLz <C ”f”Hé

|9l 2.
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Lemma 2.2 Let tg>1/2, r >0 and 0 € S™. If 0<r <to+1 and f € H*T! then for all g€ H™™*, one

has

|[0(D2); flg]| 2 < C |l fall o Nlgllar—r- (2.1)
The Cauchy problem

Up = Uy, u(z,0) = up(x), (2.2)

vy = Bug + ¢’ (u)ug, v(x,0) = vo(2) (2.3)

is equivalent to the Cauchy problem defined by (1.1) and the initial data u(z,0) = ug(z), ut(x,0) = (vo(z))s-
We note that if B is taken as the identity operator, (2.2)-(2.3) reduces to the Cauchy problem for the well-known
p-system: u; = v, vy = uy + (g(u))z. The p-system appears in a number of physical applications, such as to
describe the one-dimensional motion of elastic solids or the isentropic gas dynamics in Lagrangian coordinates
(for more on the p-system see, for instance, [9, 11]).

We now consider the linear problem
Ut = Vg, u(z,0) = up(z), (2.4)
vy = Bug + wuy, v(z,0) = vo(x), (2.5)
where w = w(z,t) is a given fixed function satisfying the following condition
0<d; <c1+w(zt) <dy forall (z,t) € Rx[0,T] (2.6)

for some constants d;, dy and fixed T > 0 and the lower bound ¢; for @ given in (1.2). Note that the above
inequality for w is satisfied whenever ||w(t)||z- is small enough. Alternatively, another possibility is the case
where w is bounded and nonnegative. We also note that the hyperbolicity of the linearized system (2.4)-(2.5)
is guaranteed by the conditions (1.2) and (2.6). For the linearized system (2.4)-(2.5) we define the H® “energy”

functional
1

E2(t) = 5/ ((Bl/zAsu(x,t))2 + (Asv(:v,t))2 + w(x,t) (Asu(x,t))2> dx. (2.7

R
By (2.6), £2(t) will be equivalent to the norm |lu(t)||%. + |[v(t)||%.. We now prove the existence of the solution
to (2.4)-(2.5) for both a fixed w € Y* satisfying (2.6) and initial values ug,v9 € H®. For the existence proof
of the linearized system, we follow Taylor’s hyperbolic approach [10]. In that respect we consider Friederichs

mollifier J" given by

with some nonnegative n € C§°(R) and [, n(x)dz = 1. The following estimate [4]
|77 = J"20[| ooy < C b1 — hal ||| - (2.8)
will be used throughout the rest of the study. The mollified system is then
u = J'u,, u(z,0) = ug(x), (2.9)
vy = BJ", +wJ u,, v(x,0) = vo(x). (2.10)

Being an H?® x H?-valued linear ODE system, (2.9)-(2.10) has unique solution wuy, v, € X*.
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Lemma 2.3 Let s > 3/2, ug,vo € H® and w € Y?°. Suppose that (un,vp) satisfy (2.9)-(2.10) on [0, T]. Then

the energy E2 = E2(up,vy) satisfies the estimate

E2(t) < £2(0) CHIvwllye (2.11)
for t €1[0,T7].
Proof Suppressing both h and t;
sen = [ ((31/2Asu) (BY2A%w) + Sy (%) + w(Aw) (M) + (A) (Asvt)> dz
R

= %/wt(Asu)z dx—i—/ (Bl/QASu)(BlmASJhUI) dx—i—/ (Asv)(ASBJhuz) dx
R R R

4 / w(Au) (AT, de + / (A%) (A* (w"uy)) de, (2.12)

where we have used (2.9) and (2.10). Since B'/?, A® and J" are self-adjoint and commute with each other,

we have

/ ((31/2Asu) (B1/2A3thz)+(A%)(ASJ"B%)) d = / (BN (BY2A) dr =0, (213)
R R

If we use integration by parts for the last two integrals in (2.12), it becomes

G0 =5 [w@n)? do— [woaon) () o [

(A°v) (AS (thux) —Jh (wASuw)) dr, (2.14)
R

where we have used (2.13). Regarding the first two integrals on the right-hand side of (2.14) we have the

following two inequalities respectively:
2
/wt(Asu) dr < ||we| pe [Jullms, (2.15)
R

/wm(Asu) (A*T") da < [Jwg||pe |Jul g
R

vl e (2.16)

To get a similar estimate for the last integral in (2.14) we make use of the commutator estimates in Lemmas

2.1 and 2.2. Using [A®, flg = A°(fg) — fA®g, a part of the integrand in the last integral can be written as
A® (thum) —Jh (wA®u,) = (A%, w]Jhu, — [J7, w]ASu,. (2.17)
Regarding the first term on the right-hand side of (2.17), by Lemma 2.1 we have
JAS wl P o < Cwellim 172 s+ ollre 7] )

or, when s > 3/2,

I[A*, w] T g || o < C Jwl| e

nrs (2.18)
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Now, regarding the second term on the right-hand side of (2.17) we will use the estimate (2.1) with r = 0.

From (2.1) we have

177, WA, |2 < C Jwallzeo [Auplm—r < C Jwllgeon [[Au] 2. (2.19)

I
If we take s =tg+ 1 > 3/2, we get

1", w]A*ugl| ., < C fJw s

2 ul| s . (2.20)

Therefore, using the results obtained in (2.15), (2.16), (2.18) and (2.20), for s > 3/2 we get

d
%53 < Cllwlly-£Z, (2.21)

from (2.14). Gronwall’s inequality yields the result (2.11). O

In the remaining parts of this study we require some extensions of Lemma 2.3. For this purpose we now state

the following two remarks regarding the systems associated with (2.9)-(2.10).
Remark 2.4 For the nonhomogeneous system

w = J'w, + F, u(z,0) = up(z), (2.22)
BJ"uy + wJ uy + F, v(z,0) = vo(z), (2.23)

Ut
the estimate (2.21) of Lemma 2.3 becomes

d
& < Clwlly-€ + C(I1 Pl ae + 1Bl )Es (2.24)

with s > 3/2.

Remark 2.5 The conclusions of Lemma 2.3 and Remark 2./ also hold when J" is replaced by the identity
operator I .

We now proceed with the proof of the local well-posedness of (2.4)-(2.5). Since |lup (t)||% + [|vn ()| % ~
EZ(t) for solution (up,vs) of (2.9)-(2.10), Lemma 2.3 shows that u; and v, are bounded in X* and thus there
is a subsequence (up,,vn,) weakly converging to some @, € X° as hy — 0. To show the strong convergence
we introduce the differences p = up, — up,, and g = vy, — vp,, . Then, from (2.9)-(2.10) we get

m

pe = Jhq,+ Fy, p(z,0) =0, (2.25)
@ = BJ"p,+wi"p, + Fs, q(z,0) =0, (2.26)
where
Fo= (" =T (on,,)e (2.27)
Fy = B(J"™ —J")(up, )e +w(JI"™ — J")(up, )a. (2.28)
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Note that (2.25)-(2.26) is of the form of the nonhomogeneous system (2.22)-(2.23). If we replace (u,v) in (2.7)

by (p,q) we get the energy & = E(p, q) associated with (2.25)-(2.26). By following Remark 2.4, we write the
estimate

d
€2 < CeL+ C (IRl + | Balla- )., (2.29)

where the term |jw|

ys has been incorporated into the constant. By the mollifier estimate (2.8) we have
[T = T zo| yoa < C 1k = hanl N2allzra-2 < C By = hun| 2]

Then, one has || F;||gs-2 < C|hx — hp| for i = 1,2. Replacing s in (2.29) by s — 2 > 3/2, we get
d 2 2 2
%53—2 <CE_o+C |hiy— hm| Es—2y,  E5_5(0) =0. (2.30)

Then, Gronwall’s inequality gives &_o < Clhy — hy|. Hence uyp, ,vp, are Cauchy in X*~2; and thus they
converge in X*~2. By uniqueness of the limit, this limit must be the weak limit %, € X*®. Finally it is quite
straightforward to see that @,7 indeed solve the Cauchy problem (2.4)-(2.5). Therefore, we have established
the local well-posedness of solutions to (2.4)-(2.5).

Lemma 2.6 Suppose p satisfies 0 < ¢1 < [(§) < co for some constants ¢; and co. Let s > 7/2 and
Ye = C([0,T],H*) N C*([0,T], H*"') . Let up,vo € H® and w € Y* with 0 < di < 1 + w(x,t) for all
(z,t) € Rx[0,T] for some constant dy. Then there exist unique u,v € Y* satisfying (2.4)-(2.5) on R x [0,T].

3. Local well-posedness for the nonlinear system

Once having proved the well-posedness of the linearized system, the next stage is to prove the local well-
posedness of the nonlinear system (2.2)-(2.3). In the proof of the main theorem, we will make use of the

nonlinear estimates (see [1, 2]) in the following lemma:
Lemma 3.1 Let h € C*°(R) with h(0) =0. Then, for any s >0 and u,v € LN H",

1. h(u) € H® with ||h(u)||m: < Cillu|lgs where Cy depends on h and ||u||Ls.

2. ||h(u) — h(v)||gs < Co|lu —v||gs where Cy depends on h and ||u||pe, ||| Lo, [|u||mzs, and ||v]ms.
The main result of this section is as follows:

Theorem 3.2 Suppose p satisfies 0 < ¢1 < f(§) < co for some constants ¢; and co. Let s > 7/2 and
uo,v9 € H® be sufficiently small. Then there exists some T > 0 so that the nonlinear system (2.2)-(2.3) is
locally well-posed with solution u,v € Y* = C([0,T], H*) nC*([0,T],H*"').

Proof The proof is done via Picard’s iterations. We employ the energy estimate in Lemma 2.3 taking J" = I
and w = ¢'(u) in (2.9)-(2.10). Due to (2.6) we ask the initial value u(x,0) = ug(z) to satisfy

0<d <er+g'(u(x))
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for all z € R. Since ¢’(0) = 0, we have 0 < ¢; <1+ ¢'(z) for sufficiently small |z|. By the Sobolev embedding
theorem, there is some «y so that 0 < dy < ¢1 + ¢'(2(x,t)) whenever ||z(t)||ms < 7.
We assume that |luo|| s + [[vol|zs < 3. Consequently wo = ¢'(ug) satisfies (2.6). We now consider the

iterates (u"T! v™*1) solving the following linear system
up™t o= ot u"*(z,0) = uo (),

oP Tt = Bu fw,ut 0" (2, 0) = vo(x)

with (u%,v%) = (ug,vo) and w, = ¢’(u™). By the energy estimate (2.11) of Lemma 2.3, we have

gl
@)l + 0" Olle < (lwolle + [lvoll =) e < e <y

for t <Tp = 10%2 with C' = C([|¢’(wo)|| =) < C(7). Forall (u™,v™) a similar estimate holds. Thus w,, satisfies
(2.6) for all z and t < Ty = °&2. We now estimate the differences (p"*!,¢"*!) = (u"1 — um, o™+ — 7).

They satisfy the following system

pptt = it p"tH(z,0) =0, (3.1)

gt = Bpitt 4+ g (wpl + (¢ (w) — g/ (u )k, ¢ (z,0) = 0. (3.2)

Using the nonhomogeneous energy estimate (2.24) of Remark 2.4 with Fy =0, Fy = (g’(u") — g’(u"’l))u
Es = &s(p,q) and &;(0) = 0, we obtain

Eu(t) < C | Fllxs (€t —1) (3.3)

for t € [0,7]. Replacing s by s — 1 and using the definitions for £s_; and F, we obtain

I Ol + I Ol < C (9@ @) =g @ e))rzo)| -1

IA

C fJu"(t) = u" (0| goea [Juf (O] e (€70 = 1)

Clp" @)l o (€7 =1),

IN

where we have also used Lemma 3.1. Choosing T' < Ty now so that e¢7 — 1 < % we see that for ¢t < T,

n n n n C
I Ollzze-s + g™ @)llzre—r < S UP" Ol + g Oll—r) < -+ < o

N |

This shows that (u™,v™) forms a Cauchy sequence in H*~! and the limit (u,v) will be a solution in H*~!.
Finally, considering the weak limit of (u™,v™) in X*® as was done in the proof of Lemma 2.6, we obtain regularity,

namely that u,v € C’([O,T},HS). O

4. The vanishing dispersion limit of the nonlocal equation

In this section we will consider a parameterized form of (1.1) in which the operator B is replaced by the family

of convolution operators B.. We then show that for two different types of the vanishing dispersion limit,
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solutions of the Cauchy problem for the parameterized form of (1.1) converge to the corresponding solution
of the classical elasticity equation (1.3). Before we start working with two different forms of the kernel, it is
important to remember that the energy estimate of Lemma 2.3 requires s > 3/2 while the local well-posedness

result of Theorem 3.2 requires s > 7/2.

4.1. First type of vanishing dispersion limit

In this case we assume that B. = (§ + ¢8)* with a small parameter ¢, a fixed L! function 8 and the Dirac
measure 0, in which B.u = v+ €(8 *u). In other words, we consider the nonlocal equation (1.4) and study
convergence of the solutions to the nonlocal equation to the corresponding solution of (1.3) as ¢ approaches
zero. In terms of the first-order nonlinear systems this means that we are comparing solutions (u®,v) of the

Cauchy problem
Ut = Vg, u(z,0) = up(x), (4.1)
ve =e(Bxuz) +uz + (g(uw)s, v(x,0)=vo(x) (4.2)

with the solution (u,v) of the p-system (which corresponds to the case € = 0) for the same initial data. By
the local existence theorem we know that for ug,vg € H?® sufficiently small and for some T > 0 both nonlinear
systems are locally well-posed with solutions in Y*. Moreover, with a careful examination of the involved

energies, the existence time can be chosen independent of € > 0.

Then the differences (p,q) = (u® — u, v — v) satisfy
Pt = p(z,0) =0, (4.3)
@ = e(Brug)+ps+ (9(w) —g(w),, a(z,0)=0. (4.4)
We now rearrange the last term in (4.4) as follows:
(9(u) —g(w), = ¢'W)ug — g (Wus — ¢ (u)uz + g’ (u ),
= g'(u)pa + (9' (%) — g’ () ) ua-
Using this result in (4.4) we get
Pt = Qu p(z,0) =0, (4.5)
¢ = (Bxpe) +pe+ 9 W)pe +e(Brug) + (¢ (W) = g'(w)us,  g(x,0) =0. (4.6)

This system is of the form (2.22)-(2.23) with J*" = I, Bp, = (B * pz) + pz, w = ¢'(v%), F; = 0 and
Fy=e(Bxu;)+ (g/(us) - g'(u))uz. Thus, noting that £2(t) ~ Hp(t)H%[ + Hq(t)H%,, we get

d
€< C Mg W )llye E+C ||B]le & (4.7)

from (2.24). On the other hand, we have

1Bl < ell(B*ue) e+ [1(9' (w%) — ¢ (W)t || o1 (4.8)
< eCllullgs + Cllu® — u|lgs—1 |Jullms (4.9)
< Cle+|Ipllgs—) < Cle+&-1). (4.10)
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Replacing s in (4.7) by s — 1, this in turn yields

d 2

%55_1 <C&F,+4eC &1, &Es-1(0)=0,
from which we get £_1(t) < e(e“* — 1); namely we have the following.

Theorem 4.1 Let s > 7/2 and ug,vg € H® be sufficiently small. Suppose 0 < ¢; < 1+ EB\ < co for all
sufficiently small € and for some constants c1, co. Let (u,v%) and (u,v) be solutions of the Cauchy problem

(4.1)-(4.2) on [0,T] corresponding to the cases € >0 and € = 0, respectively. Then we have the estimate

s (t) = w(®)|| oy + |05 () = v(®)]| s < e(e“t—1)  forall te[0,T).

4.2. Second type of vanishing dispersion limit
In this case we assume that B.u = pe * u with p.(x) = ﬁu(%) and a small parameter €. Here p is an even
finite Borel measue with f]R dp =1. As € tends to zero, u. converges to the Dirac measure 6. The Fourier
transforms of . and p satisfy 1z(€) = fi(/2€). We also assume the second moment condition [, 2%d|u| < oo,
so that 77 € C?, 7i(0) = 1, 7’(0) = 0 and the second derivative i is bounded. The Taylor expansion around
& =0 gives

AO) =1+ 5" (9€ (411)

for some ¢ € R. As i is bounded due to the moment condition; we have ‘ﬁ(f) - 1‘ < C€ with C =

3 sup.cp |’ (c)|. Then from the inequality

7€) — 1] = |a(vEe) — 1] < Ceg?, (1.12)
we get the estimate
lpee * v —ul| go—2 < el a=.

Notice that B. converges to I as ¢ — 0 and we get (1.3). Again, we study convergence of the solutions of the
nonlocal equation ug = pie * Ugy + (g(u))ze to the corresponding solution of (1.3) as € goes to zero. In terms
of the first-order nonlinear systems this means that we are comparing solutions (u®,v¥) of the Cauchy problem

Ut = Vg, u(x,0) = ug(x), (4.13)

v = fe x Uy + (9(0))z,  v(z,0) = vo(x) (4.14)
with the solution (u,v) of the same Cauchy problem when g, is the Dirac delta function. By the local existence
theorem we know that for ug, vy € H® sufficiently small and for some T > 0 both nonlinear systems are locally

well-posed with solutions in Y*. As in the previous subsection, with a careful examination of the involved

energies, the existence time can be chosen independent of € > 0.

Then the differences (p,q) = (u® — u,v® —v) satisfy

Pt = (Qq, p(l’,O) =0,
qt = e *Py + gl(ue)pm + (Ne * Ugp — um) + (g/(ue) - gl(u))um, Q(xv 0) =0.
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The system is of the form (2.22)-(2.23) with J*» = I, Bp, = pec *pz, w = ¢'(v¥), F; = 0 and F, =
(pe * Uy — ug) + (9'(u) — ¢’ (w))uy . Again, (2.24) reduces to (4.7) but with different F,. We have the estimate

[Follrs-s < llpe % up — ugllmrs-s + [ (9'(u®) — g’ (u))ua| s (4.15)
< eCllullgs + Clluf — ul|go-s ||Jul ge—2 (4.16)
< Cle+|pllgs-2) < Cle+E-3). (4.17)

With this result and s — 3 > 3/2, (2.24) takes the form

d
%552_3 § C 552_3 + eC 85_3, 53_3(0) = 0,
Therefore, finally we get Es_3(t) < E(eCt — 1) ; namely we have the following.

Theorem 4.2 Let s > 9/2 and ug,vo € H® be sufficiently small. Suppose [, dp =1, [, 2?2 dlp| < oo
and 0 < ¢; < i < co for some constants ¢y, co. Let (uf,v°) and (u,v) be solutions of the Cauchy problem

(4.13)-(4.14) on [0,T] corresponding to the cases € >0 and u. = 0, respectively. Then we have the estimate

|u® () = u®)]] 5o s + ||7(8) —v(@®)|| yos < e(e“t = 1) forall te[0,T).

As an example of the second type of vanishing dispersion limit, we consider the measure p = %(5_1 +3046d1)
with the Dirac measure § and its shifts. Explicitly [ f du = £(f(—1) + 3f(0) + f(1)). Then the Fourier

transform of p is

ot =

(e) = %(e‘“ +3+¢€) = %(34—2005{) >

and it satisfies the positivity condition. Moreover fR dp = 1(0) = 1. Theorem 4.2 says that as ¢ — 0, any

solution of the equation

U (2, 1) = = (U (@ + VE, 1) 4 BUaa (2, t) + Usa(z — VE ) + g(u(@, 1)) g0

o] —

approaches the corresponding solution of the classical elasticity equation (1.3).
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