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The spectroscopic properties of single heavy spin-1=2 ΛQ, ΣQ, Ξ
ð0Þ
Q , and ΩQ baryons are investigated at

finite temperature in the framework of the thermal QCD sum rule. We discuss the behavior of the mass and
residue of these baryons with respect to temperature, taking into account contributions of nonperturbative
operators up to dimension eight. We include additional operators coming from the Wilson expansion due to
breaking the Lorentz invariance at nonzero temperature. The obtained results show that the mass of these
baryons remain stable up to roughly T ¼ 108 MeV while their residue is unchanged up to T ¼ 93 MeV.
After these points, the mass and residue start to diminish by increasing the temperature. The shifts
in the mass and residue for both the bottom and charm channels are considerably large and we observe the
melting of these baryons near to the pseudocritical temperature determined by recent lattice
QCD calculations. We present our results for the mass of these baryons with both the positive and
negative parity at the T → 0 limit, which are consistent with the existing theoretical predictions as well as
experimental data.
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I. INTRODUCTION

One of the most attractive subjects in particle physics is
to investigate the spectroscopic properties of hadrons at
finite temperatures. Such studies provide us with a better
understanding of the perturbative and nonperturbative
natures of QCD at hot mediums. They will also help us
in analyses of data provided by future heavy ion collision
experiments aiming to investigate the hadronic properties
and possible phase transitions to quark-gluon plasma
(QGP) at finite temperatures and densities. In the last
two decades, there have been significant experimental and
theoretical studies on single heavy baryons in vacuum.
Roughly all single heavy baryons containing a heavy b or c
quark have been successfully observed [1]. The investiga-
tion of these baryons at a medium with nonzero temper-
ature is a very prominent research subject now and it will be
in the agenda of different experimental and theoretical
studies.

Single heavy baryons ðQq1q2Þ are composite particles
made of one heavy (Q ¼ b or c) and two light quarks
(q1;2 ¼ u, d, or s). These particles belong to either the
antitriplet of the flavor antisymmetric state 3̄ or the sextet of
the flavor symmetric state 6. It is well known that total spin-
parity of the ground state single heavy baryons in the sextet
state is either JP ¼ 1

2
þ or JP ¼ 3

2
þ while spin-parity of the

single heavy baryons in the antitriplet state is only JP ¼ 1
2
þ.

In this paper, we study the spectroscopic parameters of the
spin-1=2 heavy bottom/charmed baryons both in antitriplet
and sextet representations, whose members are shown in
Table I.
In the literature, a lot of theoretical studies on the

investigation of the spin-1=2 heavy baryons in vacuum
have been performed using different phenomenological
approaches, such as the quark model [2,3], quark potential
model [4], heavy quark effective theory [5–7], chiral
perturbation theory [8], Feynman-Hellman theorem [9],
the hypercentral approach [10–13], lattice QCD simulation
[14–17], the relativistic (constituent) quark model [18–25],
the chiral quark-soliton model [26], symmetry-preserving
treatment of a vector × vector contact interaction model
[27], QCD sum rules [28–39], etc. As we also previously
mentioned, to better understand the hot and dense QCD
matter created in relativistic heavy ion collision experi-
ments, such as the Relativistic Heavy Ion Collider at
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Brookhaven National Laboratory and the Large Hadron
Collider (LHC) at the European Organization for Nuclear
Research (CERN), the investigation of effects of temper-
ature on spectroscopic properties of hadrons at nonzero
temperature is needed. Such investigations can also help us
to improve our understanding of phase transition, quark-
gluon deconfinement, and chiral symmetry restoration. By
increasing the temperature, a transition or chiral crossover
[40,41] from the hadronic phase to the QGP phase may
occur. Lattice QCD calculations show that the pseudocrit-
ical temperature is Tpc ≈ 155 MeV for a chiral crossover
[42,43] to QGP.
One of the most applicable and powerful phenomeno-

logical tools that can be used to analyze the spectroscopic
properties of hadrons at nonzero temperature is the thermal
QCD sum rule method (TQCDSR). This method is the
thermal version [44] of the QCD sum rule, firstly intro-
duced by Shifman, Vainshtein, and Zakharov for mesons at
zero temperature [45] and then applied to baryons in
vacuum by Ioffe [46]. In the thermal version, some addi-
tional operators appear in the operator product expansion
(OPE/Wilson expansion) due to the breaking of the Lorentz
invariance and vacuum expectation values are replaced by
their thermal forms at finite temperature. The essential
objective of this study is to extend our previous work on the
thermal properties of the spin-3=2 heavy baryons at non-
zero temperature [47] and investigate the shifts on the mass
and residue of the spin-1=2 heavy ΛQ, ΞQ, ΣQ, Ξ0

Q, and ΩQ

baryons with respect to temperature using the TQCDSR
method. In our calculations, we take account the extra
operators arising from the OPE at nonzero temperature and
use the thermal quark, gluon, and mixed condensates up to
dimension eight, as well as the temperature-dependent
energy-momentum tensor.
This study is structured as follows: In Sec. II, we derive

the TQCDSR for masses and residues of the spin-1=2
heavy baryons at nonzero temperature. In Sec. III, we
present the numerical analysis of the obtained sum rules for
the physical parameters and a comparison of our results at
zero temperature with those existing in the literature. The

last section is devoted to both the summary of the results
and our concluding remarks.

II. THERMAL QCD SUM RULE CALCULATIONS

The aim of this section is to obtain the TQCDSR for the
masses and residues of the spin-1=2 heavy ΛQ, ΞQ, ΣQ, Ξ0

Q,
and ΩQ baryons at nonzero temperature. For this purpose,
we start our calculations by considering the following two-
point thermal correlation function:

Πðq; TÞ ¼ i
Z

d4x eiq·xhΨjT fJBQ
ðxÞJ̄BQ

ð0ÞgjΨi; ð1Þ

where q denotes the four-momentum of the considered
spin-1=2 heavy baryon (BQ), Ψ indicates the ground state
of the hot medium, and T is the time-ordering operator.
JBQ

ðxÞ is the interpolating current of the BQ baryon, which
couples to both the positive and negative parities. It is
represented by the following expressions for antitriplet (3̄)
and sextet (6) baryons [29]:

J3̄ ¼
1ffiffiffi
6

p ϵabc
X2
l¼1

f2ðqT;a1 ðxÞCΓl
1q

b
2ðxÞÞΓl

2Q
cðxÞ þ ðqT;a1 ðxÞCΓl

1Q
bðxÞÞΓl

2q
c
2ðxÞ þ ðQT;aðxÞCΓl

1q
b
2ðxÞÞΓl

2q
c
1ðxÞg; ð2Þ

J6 ¼ −
1ffiffiffi
2

p ϵabc
X2
l¼1

fðqT;a1 ðxÞCΓl
1Q

bðxÞÞΓl
2q

c
2ðxÞ − ðQT;aðxÞCΓl

1q
b
2ðxÞÞΓl

2q
c
1ðxÞg; ð3Þ

where ϵabc is the Levi-Civita tensor with color indices
a, b, c, C is the charge conjugation operator, Γ1

1 ¼ 1,
Γ2
1 ¼ Γ1

2 ¼ γ5, and Γ2
2 ¼ t in which t denotes an arbitrary

mixing parameter with t ¼ −1 corresponding to the famous
Ioffe currents that we consider in the present study. As we

previously noted, q1 and q2 stand for light quarks
and Q for the heavy quark field and they are given in
Table I for all considered BQ baryons. Thus, considering
Eqs. (2) and (3), the interpolating currents for each state can
be written as

TABLE I. Quark content of the spin-1=2 heavy baryons with
different charges.

Baryon q1 q2 SU(3)

Λ0ðþÞ
bðcÞ

u d 3̄

Ξ0ðþÞ
bðcÞ

u s 3̄

Ξ−ð0Þ
bðcÞ

d s 3̄

ΣþðþþÞ
bðcÞ

u u 6

Σ0ðþÞ
bðcÞ

u d 6

Σ−ð0Þ
bðcÞ

d d 6

Ξ0ðþÞ0
bðcÞ

u s 6

Ξ−ð0Þ0
bðcÞ

d s 6

Ω−ð0Þ
bðcÞ

s s 6
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JΞ−ð0Þ
Q

¼ −
1ffiffiffi
6

p ϵabc
X2
l¼1

f2ðdT;aðxÞCΓl
1s

bðxÞÞΓl
2Q

cðxÞ

þ ðdT;aðxÞCΓl
1Q

bðxÞÞΓl
2s

cðxÞ
þ ðQT;aðxÞCΓl

1s
bðxÞÞΓl

2d
cðxÞg;

JΞ0ðþÞ
Q

¼ JΞ−ð0Þ
Q

ðd → uÞ;
JΛ0ðþÞ

Q
¼ JΞ−ð0Þ

Q
ðd → u; s → dÞ;

JΣ0ðþÞ
Q

¼ −
1ffiffiffi
2

p ϵabc
X2
l¼1

fðuT;aðxÞCΓl
1Q

bðxÞÞΓl
2d

cðxÞ

− ðQT;aðxÞCΓl
1d

bðxÞÞΓl
2u

cðxÞg;
J
Ξ−ð0Þ0
Q

¼ JΣ0ðþÞ
Q

ðu → d; d → sÞ;
J
Ξ0ðþÞ0
Q

¼ J
Ξ−ð0Þ0
Q

ðd → uÞ;
JΣ−ð0Þ

Q
¼ J

Ξ−ð0Þ0
Q

ðs → dÞ;
JΣþðþþÞ

Q
¼ JΣ−ð0Þ

Q
ðd → uÞ;

JΩ−ð0Þ
Q

¼ JΣþðþþÞ
Q

ðu → sÞ: ð4Þ

According to the standard philosophy of the QCD sum rule
method, the aforementioned thermal correlation function is
evaluated in two basic ways: (i) on the hadronic side, it is
calculated in terms of hadronic parameters such as the
temperature-dependent mass and residue of the hadron, and
(ii) on the QCD side, it is calculated in terms of temperature-
dependent QCD degrees of freedom in the deep Euclidean
regionwith the help ofOPE. Then,matching the coefficients
of the selected structures from both sides in momentum
space, via the dispersion relation, the QCD sum rules for the
spectroscopic parameters of the BQ at nonzero temperature
are obtained. In the final step, to suppress the contributions
of the higher states and continuum in obtained sum rules,
Borel transformation and continuum subtraction are applied
to both sides of these equalities. One may first apply the
Borel transformation and continuumsubtraction, thenmatch
the coefficients of the selected structures from both sides.
The thermal correlation function in the hadronic side is

obtained by inserting the full set of hadronic states that have
the same quantum numbers as the related interpolating
current into Eq. (1). After performing the integration over
four-x, the thermal correlation function for the hadronic
side can be written as

ΠHadðq; TÞ ¼ −
hΨjJBQ

ð0ÞjBþ
Qðq; sÞihBþ

Qðq; sÞjJ†BQ
ð0ÞjΨi

q2 −m2
Bþ
Q
ðTÞ

−
hΨjJBQ

ð0ÞjB−
Qðq; sÞihB−

Qðq; sÞjJ†BQ
ð0ÞjΨi

q2 −m2
B−
Q
ðTÞ

þ ...; ð5Þ

where jBþ
Qðq; sÞi and jB−

Qðq; sÞi are spin-1=2 single heavy
baryon states with positive and negative parity, respectively,
the dots stand for the contributions of the higher states and
continuum, andmB�

Q
ðTÞ is the temperature-dependent mass

of B�
Q. The matrix elements hΨjJBQ

ð0ÞjB�
Qðq; sÞi for B�

Q are
defined as

hΨjJBQ
ð0ÞjBþ

Qðq; sÞi ¼ λBþ
Q
ðTÞuBþ

Q
ðq; sÞ;

hΨjJBQ
ð0ÞjB−

Qðq; sÞi ¼ λB−
Q
ðTÞγ5uB−

Q
ðq; sÞ; ð6Þ

where λB�
Q
ðTÞ is the temperature-dependent residue of B�

Q

and uB�
Q
ðq; sÞ is the Dirac spinor of spin s and the four-

momentum q. To proceed, we insert Eq. (6) into Eq. (5) and
perform summation over spins of B�

Q. The hadronic side of
the thermal correlation function in its final form is
decomposed in terms of different structures as

ΠHadðq; TÞ ¼ −
λ2Bþ

Q
ðTÞð=qþmBþ

Q
ðTÞÞ

q2 −m2
Bþ
Q
ðTÞ

−
λ2B−

Q
ðTÞð−=qþmB−

Q
ðTÞÞ

q2 −m2
B−
Q
ðTÞ þ � � � : ð7Þ

This correlation function can be written in terms of the
structures =q and I as

ΠHadðq; TÞ ¼ ΠHad
1 ðTÞ=qþ ΠHad

2 ðTÞI þ � � � ; ð8Þ

where ΠHad
1ð2ÞðTÞ, as the coefficients of the selected Lorentz

structures, in the Borel scheme are obtained as

B̂ΠHad
1 ðTÞ¼ λ2Bþ

Q
ðTÞe

−m2

Bþ
Q

ðTÞ=M2

−λ2B−
Q
ðTÞe−m

2
B−
Q
ðTÞ=M2

; ð9Þ

and

B̂ΠHad
2 ðTÞ ¼ λ2Bþ

Q
ðTÞmBþ

Q
ðTÞe

−m2

Bþ
Q

ðTÞ=M2

þ λ2B−
Q
ðTÞmB−

Q
ðTÞe−m

2
B−
Q
ðTÞ=M2

; ð10Þ

where M2 is the Borel parameter to be determined in next
section.
Now, we have to evaluate the QCD side of the thermal

correlation function in terms of the quark-gluon degrees of
freedom in the deep Euclidean region. For this aim, we
insert the related interpolating current of BQ given in
Eq. (4) into Eq. (1) and contract all light and heavy quark
fields using the Wick theorem. Thus, the most general form
of the thermal correlation function on the QCD side, in
terms of thermal light (heavy) quark propagators SijqðQÞðxÞ
for 3̄ and 6 baryons, are obtained as
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ΠQCD
3̄

ðq; TÞ ¼ i
6
ϵabcϵa0b0c0

Z
d4xeiq·x

X2
l¼1

X2
k¼1

fΓl
2ð2Sca

0
Q ðxÞAk

1S̃
ab0
q1 ðxÞΓl

1S
bc0
q2 ðxÞΓk

2 þ 2Scb
0

Q ðxÞΓk
1S̃

ba0
q2 ðxÞΓl

1S
ac0
q1 ðxÞΓk

2

− Sca
0

q2 ðxÞΓk
2S̃

bb0
Q ðxÞΓl

1S
ac0
q1 ðxÞΓk

1 − 2Sca
0

q2 ðxÞΓk
2S̃

ab0
q1 ðxÞΓl

1S
bc0
Q ðxÞΓk

1 − Scb
0

q1 ðxÞΓk
2S̃

aa0
Q ðxÞΓl

1S
bc0
q2 ðxÞΓk

1

− 2Scb
0

q1 ðxÞΓk
2S̃

ba0
q2 ðxÞΓl

1S
ac0
Q ðxÞΓk

1Þ − Γk
2ðScc

0
q1 ðxÞΓl

2Tr½Γk
1S

ab0
Q ðxÞΓl

1S̃
ba0
q2 ðxÞ� þ Scc

0
q2 ðxÞΓl

2Tr½Γk
1S

ab0
q1 ðxÞΓl

1S̃
ba0
Q ðxÞ�

þ 4Scc
0

Q ðxÞΓl
2Tr½Γk

1S
ab0
q1 ðxÞΓl

1S̃
ba0
q2 ðxÞ�Þg; ð11Þ

ΠQCD
6 ðq; TÞ ¼ −

i
2
ϵabcϵa0b0c0

Z
d4xeiq·x

X2
l¼1

X2
k¼1

fΓl
2ðSca

0
q1 ðxÞAk

1S̃
ab0
Q ðxÞΓl

1S
bc0
q2 ðxÞ þ Scb

0
q2 ðxÞΓk

1S̃
ba0
Q ðxÞΓl

1S
ac0
q1 ðxÞÞΓk

2

þ Γk
2ðScc

0
q1 ðxÞΓl

2Tr½Γl
1S̃

aa0
Q ðxÞΓk

1S
bb0
q2 ðxÞ� þ Scc

0
q2 ðxÞΓl

2Tr½Γl
1S̃

aa0
q1 ðxÞΓk

1S
bb0
Q ðxÞ�Þg; ð12Þ

where S̃ijqðQÞ ¼ CSijTqðQÞC. To proceed, thermal light (heavy) quark propagators SijqðQÞðxÞ in coordinate space are needed,
which are used as (see also [48–50])

Sijq ðxÞ ¼ i
=x

2π2x4
δij −

mq

4π2x2
δij −

hq̄qiT
12

δij −
x2

192
m2

0hq̄qiT
�
1 − i

mq

6
=x

�
δij þ

i
3

�
=x

�
mq

16
hq̄qiT −

1

12
huμΘf

μνuνi
�

þ 1

3
ðu · x=uhuμΘf

μνuνiÞ
�
δij −

igsλ
ij
A

32π2x2
GA

μνð=xσμν þ σμν=xÞ − i
x2=xg2shq̄qi2T

7776
δij −

x4hq̄qiThg2sG2iT
27648

þ � � � ; ð13Þ

SijQðxÞ ¼ i
Z

d4ke−ik·x

ð2πÞ4
�
=kþmQ

k2 −m2
Q
δij −

gsG
αβ
ij

4

σαβð=kþmQÞ þ ð=kþmQÞσαβ
ðk2 −m2

QÞ2
þmQ

12

k2 þmQ=k

ðk2 −m2
QÞ4

hg2sG2iTδij þ � � �
�
: ð14Þ

Here, mqðQÞ is the light (heavy) quark mass, hq̄qiT is the
thermal quark condensate, hg2sG2iT is thermal gluon con-
densate, and m2

0hq̄qiT ¼ hq̄gsσGqiT is the thermal mixed
condensate. The new operators, emerging in OPE, appear
to restore the Lorentz invariance broken out by the choice
of the thermal rest frame at nonzero temperature. They are
expressed in terms of fermionic and gluonic parts of the
energy-momentum tensor Θf;g

μν ðhuμΘf;g
μν uνi ¼ huΘf;gui ¼

hΘf;g
00 i ¼ hΘf;giÞ and the four-vector velocity of the

medium, uμ. To this end, uμ ¼ ð1; 0; 0; 0Þ is chosen which
leads to u2 ¼ 1. In the rest frame of the heat bath,
q · u ¼ q0, with q0 being the energy of quasiparticle,
q0 ¼ Eq⃗ ¼ ðjq⃗j2 þm2Þ1=2, in the mass-shell condition.
At the q⃗ ¼ 0 limit it is the mass of the particle. In the
light quark propagator the fermionic part of the energy-
momentum tensor, huμΘf

μνuνi, is seen explicitly, whereas
the gluonic part, huλΘg

λσu
σi, appears in the trace of the two-

gluon field strength tensor in the heat bath [51], i.e.,

hTrcGαβGμνi¼
1

24
ðgαμgβν−gανgβμÞhG2iT

þ1

6
½gαμgβν−gανgβμ−2ðuαuμgβν−uαuνgβμ

−uβuμgανþuβuνgαμÞ�huλΘg
λσu

σi: ð15Þ
The QCD side of the correlation function can be written

similar to the hadronic side in terms of different Lorentz
structures as

ΠQCDðq; TÞ ¼ ΠQCD
1 ðTÞ=qþ ΠQCD

2 ðTÞI; ð16Þ
where ΠQCD

1ð2Þ ðTÞ are the coefficients of the selected Lorentz
structures and they contain both the perturbative and
nonperturbative contributions. The perturbative, and some
nonperturbative, parts are written in terms of the dispersion
integrals in the present study. Thus,

ΠQCD
1ð2Þ ðTÞ ¼

Z
∞

smin

ds
ρQCD
1ð2Þ ðs; TÞ
s − q2

þ ΓQCD
1ð2Þ ðTÞ; ð17Þ

where smin ¼ ðmq1 þmq2 þmQÞ2, ρQCD1ð2Þ ðs; TÞ are the spec-
tral densities, and ΓQCD

1ð2Þ ðTÞ stand for the remaining non-

perturbative contributions that are calculated directly by
applying the Borel transformation. The related spectral
densities are defined as

ρQCD
1ð2Þ ðs; TÞ ¼

1

π
Im½ΠQCD

1ð2Þ ðTÞ�: ð18Þ
After the Borel transformation and continuum subtraction
we get

B̂ΠQCD
1ð2Þ ðTÞ ¼

Z
s0ðTÞ

smin

dsρQCD
1ð2Þ ðs; TÞe−s=M

2 þ B̂ΓQCD
1ð2Þ ðTÞ;

ð19Þ
where s0ðTÞ is the temperature-dependent continuum
threshold. The main task in this part is to find the
expressions for ρQCD

1ð2Þ ðs; TÞ and B̂ΓQCD
1ð2Þ ðTÞ. They are
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obtained after inserting the explicit forms of the heavy and
light quark propagators into the QCD side of the thermal
correlation function given in Eqs. (11) and (12) for 3̄ and 6
baryons with spin-1=2, performing the Fourier integral to
go to the momentum space and applying the steps above to
get the perturbative and nonperturbative parts. As a result,
the explicit forms of the functions ρQCD

1ð2Þ ðs; TÞ and

B̂ΓQCD
1ð2Þ ðTÞ are obtained. Because the obtained expressions

are quite lengthy, we present the expressions of ρQCD1 ðs; TÞ
and B̂ΓQCD

1 ðTÞ for only the Σ0
b baryon as per an example in

the Appendix.
Finally, we match the coefficients of the selected

structures from the hadronic and QCD sides of the
correlation function and find the sum rules:

B̂ΠQCD
1 ðTÞ¼ λ2Bþ

Q
ðTÞe

−m2

Bþ
Q

ðTÞ=M2

−λ2B−
Q
ðTÞe−m

2
B−
Q
ðTÞ=M2

ð20Þ

and

B̂ΠQCD
2 ðTÞ ¼ λ2Bþ

Q
ðTÞmBþ

Q
ðTÞe

−m2

Bþ
Q

ðTÞ=M2

þ λ2B−
Q
ðTÞmB−

Q
ðTÞe−m

2
B−
Q
ðTÞ=M2

: ð21Þ

In order to obtain the four unknowns, mBþ
Q
, mB−

Q
, λBþ

Q
, and

λB−
Q
, two more equations which can be achieved by

applying derivatives with respect to d
dð− 1

M2Þ
to both sides

of Eqs. (20) and (21) are needed. Therefore, we get

dΠQCD
1 ðTÞ

dð−1=M2Þ ¼ λ2Bþ
Q
ðTÞm2

Bþ
Q
ðTÞe

−m2

Bþ
Q

ðTÞ=M2

− λ2B−
Q
ðTÞm2

B−
Q
ðTÞe−m

2
B−
Q
ðTÞ=M2

; ð22Þ

dΠQCD
2 ðTÞ

dð−1=M2Þ ¼ λ2Bþ
Q
ðTÞm3

Bþ
Q
ðTÞe

−m2

Bþ
Q

ðTÞ=M2

þ λ2B−
Q
ðTÞm3

B−
Q
ðTÞe−m

2
B−
Q
ðTÞ=M2

; ð23Þ

By simultaneously solving the above four equations, the
temperature-dependent masses and residues for the positive
and negative parity spin-1=2 heavy baryons are obtained in
terms of s0ðTÞ, M2, QCD degrees of freedom, and other
inputs. For the masses, as examples, we get

mBþ
Q
¼

ðα4α1 − α3α2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4α33α1 þ α24α

2
1 − 6α3α4α1α2 − 3α23α

2
2 þ 4α4α

3
2

q
Þ

2α3α1 − 2α22
; ð24Þ

mB−
Q
¼

ð−α4α1 þ α3α2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4α33α1 þ α24α

2
1 − 6α3α4α1α2 − 3α23α

2
2 þ 4α4α

3
2

q
Þ

2α3α1 − 2α22
; ð25Þ

where

α1 ¼ B̂ΠQCD
1 ðTÞ; α2 ¼ B̂ΠQCD

2 ðTÞ;

α3 ¼
dΠQCD

1 ðTÞ
dð−1=M2Þ ; α4 ¼

dΠQCD
2 ðTÞ

dð−1=M2Þ : ð26Þ

Similar results are obtained for the temperature-
dependent residues.

III. NUMERICAL RESULTS

In this section, we perform the numerical analyses of the
sum rules for the masses and residues of the spin-1=2 heavy
ΛQ, ΞQ, ΣQ, Ξ0

Q, and ΩQ baryons at nonzero temperature.
For this aim, we first use the numerical values of some
input parameters collected in Table II in our calculations.

To go further in the analyses, we also need to know the
thermal quark condensates hq̄qiT (for q ¼ u, d, and s),
parametrized in terms of vacuum condensates and temper-
ature. For this purpose, we use the following parametriza-
tion, which is based on lattice QCD results presented in
Ref. [52]:

hq̄qiT ¼ ðAe T
B½GeV� þ CÞh0jq̄qj0i; ð27Þ

where the coefficients A, B, and C for the corresponding
q ¼ u, d, and s are given in Table III. Note, that the lattice
results in Ref. [52] are given in a wide range of the
temperatures, however, we find their fit functions up to the
critical temperature under consideration in the present
study (see also [47]). The above fit, together with the
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parameters in Table III, exactly reproduce the graphics for
the temperature-dependent quark condensates in Ref. [52].
The temperature-dependent gluon condensate hG2iT is

given as [52]

δ

�
αs
π
G2

�
T
¼ −

8

9
½δTμ

μðTÞ −muδhūuiT
−mdδhd̄diT −msδhs̄siT �; ð28Þ

where

δfðTÞ≡ fðTÞ − fð0Þ; ð29Þ

and δTμ
μðTÞ is defined as

δTμ
μðTÞ ¼ εðTÞ − 3pðTÞ; ð30Þ

with εðTÞ being the energy density and where pðTÞ is the
pressure. Using the recent Lattice calculations given in
[56,57], we obtain the following fit function for δTμ

μðTÞ
(see also [47]):

δTμ
μðTÞ ¼ ð0.020e T

0.034½GeV� þ 0.115ÞT4: ð31Þ

Note that this function, obtained in the present study,
exactly reproduces the lattice QCD graphics for δTμ

μðTÞ
with respect to temperature presented in Refs. [56,57].
The temperature-dependent strong coupling is also
given as [58,59]

g−2s ðTÞ ¼ 11

8π2
ln

�
2πT
ΛMS

�
þ 51

88π2
ln

�
2 ln

�
2πT
ΛMS

��
; ð32Þ

where, ΛMS ≃ Tpc=1.14.
We use the results on the thermal behavior of the energy-

momentum tensor given by lattice QCD in Ref. [56] and
parametrize the gluonic and fermionic parts of the energy
density up to the pseudocritical temperature. Hence, we use

hΘfðgÞi ¼ ðDe
T

E½GeV� þ FÞT4; ð33Þ

with the related coefficients defined in Table IV. This
function, obtained in the present study, reproduces the
temperature-dependent energy densities presented in
Ref. [56] by graphics.
In the next step, we have to obtain the temperature-

dependent continuum threshold s0ðTÞ. For this purpose, we
use the following parametrization:

s0ðTÞ ¼ s0fðTÞ; ð34Þ

where s0 is the continuum threshold at zero temperature. It
is not totally arbitrary and depends on the energy of the first
excited state that lies just above the considered positive and
negative parity states with the same quantum numbers.
s0ðTÞ should reduce to s0 at the T → 0 limit and fðTÞmust
obey fðTÞ → 1 at this limit. As we mentioned in the
previous section, the four unknowns (masses of the positive
and negative parity baryons, as well as their residues) at
each channel are obtained in terms of the Borel parameter,
QCD degrees of freedom, and s0ðTÞ. As it is seen, the
temperature-dependent continuum threshold, s0ðTÞ, con-
tains the vacuum continuum threshold and fðTÞ. The s0
together with M2 are determined considering the standard
prescriptions of the method and will be discussed below.
One of the main tasks is to determine the function fðTÞ,
which plays an important role in determination of the
behavior of the physical quantities with respect to the
temperature. To determine fðTÞ we apply another deriva-
tive with respect to d

dð− 1

M2Þ
to both sides of Eq. (22) and use

TABLE II. Numerical values for the energy of quasiparticles in
medium, quark masses, and vacuum condensates [1,52–55]. In
the rest of the frames of the heat bath and the particle, we set the
energy of the quasiparticle to its ground state positive parity mass
value at each channel.

Parameters Values

qΛb
0 ; qΛc

0
(5619.6� 0.17); (2286.46� 0.14) MeV

qΞb
0 ; qΞc

0
(5791.9� 0.5); (2467.71� 0.23) MeV

qΣb
0 ; qΣc

0
(5810.56� 0.25); (2452.9� 0.4) MeV

q
Ξ0
b

0 ; qΞ
0
c

0
ð5935.02� 0.02� 0.05Þ;

(2578.7� 0.5) MeV

qΩb
0 ; qΩc

0
(6046.1� 1.7); (2695.2� 1.7) MeV

mu; md ð2.3þ0.7
−0.5Þ MeV; ð4.8þ0.7

−0.3Þ MeV

ms ð93þ11
−5 Þ MeV

mb; mc ð4.18þ0.04
−0.03 Þ GeV; ð1.275þ0.025

−0.035 Þ GeV
m2

0; ð0.8� 0.2Þ GeV2

h0jq̄qj0iðq ¼ u; dÞ −ð0.24� 0.01Þ3 GeV3

h0js̄sj0i −0.8ð0.24� 0.01Þ3 GeV3

h0j 1π αsG2j0i 0.012ð3Þ GeV4

TABLE III. The coefficients A, B, and C in the thermal quark
condensates hq̄qiT .

A B [GeV] C

For q ¼ u, d −6.534 × 10−4 0.025 1.015
For q ¼ s −2.169 × 10−5 0.019 1.002

TABLE IV. The coefficients D, E, and F in Eq. (33).

D E [Gev] F

For hΘfi 0.009 0.040 0.024
For hΘgi 0.091 0.047 −0.731
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the expressions of the masses and residues, obtained in the
previous section that also contain fðTÞ though s0ðTÞ, in the
resultant equation. By the numerical solving of the obtained
equation at a different temperature (up to the pseudocritical
temperature used in the present study), we find the
following fit function for fðTÞ:

fðTÞ ¼ 1 − 0.96

�
T
Tpc

�
9

: ð35Þ

Let us now discuss how we determine the working
windows for the Borel parameter and the vacuum con-
tinuum threshold s0. They are fixed using the standard
criteria of the method, namely the pole dominance, OPE
convergence, and weak dependence of the physical quan-
tities on these parameters. All of these requirements lead to
the following working intervals for different members of
the baryons under study:

43.0 GeV2 ≤ sΛb
0 ≤ 44.0 GeV2;

44.0 GeV2 ≤ sΣb
0 ≤ 46.0 GeV2;

45.0 GeV2 ≤ sΞb
0 ≤ 46.0 GeV2;

47.0 GeV2 ≤ s
Ξ0
b

0 ≤ 48.0 GeV2;

48.5 GeV2 ≤ sΩb
0 ≤ 49.5 GeV2;

M2 ∈ ½5; 8� GeV2; ð36Þ

for the bottom and

8.5 GeV2 ≤ sΛc
0 ≤ 9.5 GeV2;

9.5 GeV2 ≤ sΣc
0 ≤ 10.5 GeV2;

10.5 GeV2 ≤ sΞc
0 ≤ 11.5 GeV2;

11.5 GeV2 ≤ sΞ
0
c

0 ≤ 12.5 GeV2;

11.8 GeV2 ≤ sΩc
0 ≤ 12.8 GeV2;

M2 ∈ ½3; 5� GeV2; ð37Þ

for the charmed baryons. To check the stability of the
results with respect to the changes in M2 and s0 in
their working intervals, as an example, we plot a three-
dimensional (3D) graphic of the mass of the Σ0

b positive
parity baryon as functions of these auxiliary parameters at
T ¼ 0 in Fig. 1. We see that the dependence of the mass on
both M2 and s0 is weak and the changes remain within the
acceptable limits of the method. The parameters of other
members show similar behavior.
Now, we proceed to investigate the temperature depend-

ence of the masses and residues of the BQ baryons. As
examples, we only present the results on the temperature-
dependent masses and residues for the positive parity
baryons. They reflects behavior of the OPE sides, which

are common for both the positive and negative parity
baryons, i.e., the masses and residues of both parities
are obtained in terms of the functions in OPE sides as
presented in the previous section. To this end, we plot the
ratio of the temperature-dependent mass (residue) to its
vacuum value, mðTÞ=mð0Þ (λðTÞ=λð0Þ), for the positive
parity baryons as functions ofM2 and ratio T=Tpc in 3D at
average values of s0 for Λb, Ξb, Σb, Ξ0

b, and Ωb baryons in
Figs. 2 and 3. From these figures, we see that the
spectroscopic parameters of these baryons remain approx-
imately unchanged with respect to the changes in T=Tpc up
to T ≅ 108 MeV for masses and T ≅ 93 MeV for residues.
After these points, they start to decrease rapidly with
increasing the temperature and we are witness to the
melting of these baryons. We realize that a similar situation
is valid for the charmed Λc, Ξc, Σc, Ξ0

c, and Ωc baryons.
The amount of negative shifts in masses and residues near
to the critical point are shown in Tables V and VI. In the
case of mass, the order of shifts are roughly comparable
between the bottom and charmed baryons of each channel.
Among the results, the order of negative shifts for all
channels in the bottom case is roughly the same but shows
some differences among the charmed baryons. The sum
rules for masses give reliable predictions up to the
pseudocritical point considered in the present study. As
far as the residues are concerned, the amount of shifts are
roughly the same for b- and c-baryons and they are very
large. Thus, at T → Tpc limit, the residues approach to zero
and we see the melting of the baryons.
Our final task in this section is to discuss the results at the

T → 0 limit. In this limit, the values of masses for the spin-
1=2 heavy baryons containing a bottom quark with both the
positive and negative parities are presented in Tables VII
and VIII, respectively. Similarly, the vacuum masses for the
spin-1=2 heavy baryons containing a charm quark with
both the positive and negative parities are presented in

FIG. 1. The mass of the positive parity Σb baryon as functions
of M2 and s0 at T ¼ 0.
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Tables IX and X, respectively. From these tables, we see
that our results are in good consistency with existing
experimental data and other theoretical predictions within

the presented uncertainties. These consistencies lead us to
hope that the obtained results at nonzero temperature in the
present study can shed light on the future heavy ion

(a) (b)

(c) (d)

(e)

FIG. 2. The ratio mðTÞ=mð0Þ as functions of M2 and T=Tpc for positive parity Λb, Ξb, Σb, Ξ0
b, and Ωb baryons at the average

value of s0.
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collision experiments and can be used in analyses of the
related data. The uncertainties in our predictions belong to
those related to the working intervals of the auxiliary
parameters as well as the uncertainties of all the presented
input parameters.

IV. SUMMARY AND CONCLUSIONS

We investigated the mass and residue of the spin-1=2
single heavy ΛQ, ΞQ, ΣQ, Ξ0

Q, and ΩQ baryons as functions
of temperature in the framework of the thermal QCD sum

(a) (b)

(c)

(e)

(d)

FIG. 3. The ratio λðTÞ=λð0Þ as functions ofM2 and T=Tpc for positive parity Λb, Ξb, Σb, Ξ0
b, andΩb baryons at the average value of s0.
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rule. In our calculations, we took into account the non-
perturbative operators up to mass dimension 8, including
those arising from the Wilson expansion at finite temper-
ature due to breaking the Lorentz invariance. The obtained
results indicate that the mass of these baryons in both the
bottom and charm channels remain stable up to roughly
T ¼ 108 MeV while their residue is unchanged up to
T ¼ 93 MeV. After these points, the masses and residues

start to diminish by increasing in temperature. The shifts in
the mass and residue for both the bottom and charm
channels are considerably large, and we observe the
melting of these baryons near to the pseudocritical temper-
ature determined by recent lattice QCD calculations. The
amount of negative shifts near to the pseudocritical point
have been shown in Tables Vand VI. The order of shifts in
masses are roughly the same between the bottom and
charmed baryons of each channel. Among the results, the
order of shifts for all channels for bottom baryons is
roughly the same but shows some differences among the
charmed members. The sum rules for masses give reliable
predictions up to the pseudocritical point considered in the
present study (roughly 155 MeV). As far as the residues are
concerned, the amount of shifts in bottom and charmed
cases of each channel are the same. The negative shifts near
to the end point are very large for all baryons and the
residues approach to zero at the pseudocritical point.
We presented our results for the mass of the single heavy

baryons with both the positive and negative parities at the
T → 0 limit in Tables VII, VIII, IX, and X. We observed
that the obtained results for the single heavy bottom and
charmed baryons of spin-1=2 with both the positive and
negative parities in the present study are in good

TABLE V. At the T → Tpc limit, the percent of negative shifts
in masses of the spin-1=2 heavy baryons with the positive parity
compared to their vacuum values.

Λþ
bðcÞ Ξþ

bðcÞ Σþ
bðcÞ Ξ0þ

bðcÞ Ωþ
bðcÞ

Negative shift ð%Þ 74(72) 74(72) 74(80) 74(77) 75(77)

TABLE VI. The percent of negative shifts in residues of the
spin-1=2 heavy baryons with the positive parity relative to their
vacuum values near the pseudocritical point.

Λþ
bðcÞ Ξþ

bðcÞ Σþ
bðcÞ Ξ0þ

bðcÞ Ωþ
bðcÞ

Negative shift ð%Þ 92 94 96 97 96

TABLE VII. Vacuum masses of the spin-1=2 positive parity heavy baryons containing a bottom quark (in GeV).

mΛþ
b

mΞþ
b

mΣþ
b

mΞ0þ
b

mΩþ
b

Present work 5.691þ0.101
−0.109 5.797þ0.078

−0.077 5.845þ0.137
−0.144 5.957þ0.147

−0.157 6.065þ0.113
−0.112

Exp [1] 5.61960� 0.00017 5.7919� 0.0005 5.81056� 0.00025 5.93502� 0.00002� 0.00005 6.0461� 0.0017
[2] 5.612 5.844 5.833 � � � 6.081
[3] � � � 5.790–5800 � � � 5.930� 0.005 6.0521� 0.0056
[4] 5.585 � � � 5.795 � � � � � �
[5] � � � � � � 5.83� 0.09 � � � � � �
[6] 5.637þ0.068

−0.056 5.780þ0.073
−0.068 5.809þ0.082

−0.076 5.903þ0.081
−0.079 6.036� 0.081

[7] 5.641� 0.05 5.80 5.82 5.94 6.04
[9] 5.620� 0.040 5.810� 0.040 5.820� 0.040 5.950� 0.040 6.060� 0.050
[10] � � � 5.833 5.815 − 5.948
[11] 5.683 5.833 5.708 − 5.967
[14] 5.626 5.771 5.856 5.933 6.056
[15] 5.664 5.762 � � � � � � 6.021
[18] 5.622 5.812 5.805 5.937 6.065
[19] 5.622 5.812 5.805 � � � 6.065
[20] 5.620 5.803 5.808 � � � 6.064
[26] 5.609 5.8036 5.8055 5.9338 6.0571
[27] 5.62 5.75 5.75 5.88 6.00
[30] 5.614� 0.345 � � � 5.810� 0.241 � � � � � �
[31,32] 5.618þ0.078

−0.104 � � � 5.96� 0.10 � � � � � �
[33] 5.65� 0.20 5.73� 0.18 � � � � � � � � �
[34,35] 5.69� 0.13 5.75� 0.13 5.73� 0.21 5.87� 0.20 5.89� 0.18
[37] � � � � � � � � � � � � 6.487� 0.187
[39] � � � � � � � � � � � � 6.024� 0.065
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consistency with the experimental data presented in
Ref. [1], as well as with other theoretical predictions made
via different phenomenological approaches. Our results on
the behavior of the physical quantities considered in the
present study, with respect to temperature and the amount

of shifts in these quantities near the pseudocritical point,
may be checked via other phenomenological approaches.
The obtained results in the present study may shed light on
analyses of the data provided by the future heavy ion
collision experiments.

TABLE VIII. Vacuum masses of the spin-1=2 negative parity heavy baryons containing a bottom quark (in GeV).

mΛ−
b

mΞ−
b

mΣ−
b

mΞ0−
b

mΩ−
b

Present work 5.910þ0.118
−0.132 6.095þ0.135

−0.150 6.143þ0.095
−0.087 6.255þ0.113

−0.104 6.370þ0.066
−0.061

Exp [1] 5.91219� 0.00017 � � � � � � � � � � � �
[2] 5.939 6.108 6.099 � � � 6.301
[4] 5.912 � � � 6.070 � � � � � �
[19] 5.930 6.119 6.108 � � � 6.352
[20] 5.930 6.120 6.101 � � � 6.339
[25] 5.890 6.076 6.039 � � � 6.278
[27] 6.03 6.15 6.32 6.40 6.49
[33] 5.85� 0.18 6.01� 0.16 � � � � � � � � �
[34,35] 5.85� 0.15 5.95� 0.16 � � � � � � � � �
[37] � � � � � � � � � � � � 6.336� 0.183

TABLE IX. Vacuum masses of the spin-1=2 positive parity heavy baryons containing a charm quark (in GeV).

mΛþ
c

mΞþ
c

mΣþ
c

mΞ0þ
c

mΩþ
c

Present work 2.283þ0.087
−0.095 2.460þ0.025

−0.094 2.488þ0.105
−0.113 2.576þ0.095

−0.101 2.689þ0.100
−0.093

Exp [1] 2.28646� 0.00014 2.46771� 0.00023 2.4529� 0.0004 2.5787� 0.0005 2.6952� 0.0017
[2] 2.268 2.492 2.455 � � � 2.718
[4] 2.265 � � � 2.440 � � � � � �
[5] � � � � � � 2.52� 0.08 2.5808� 0.0021 � � �
[6] 2.271þ0.067

−0.049 2.432þ0.079
−0.068 2.411þ0.093

−0.081 2.508þ0.097
−0.091 2.657þ0.102

−0.099

[7] 2.285� 0.0006 2.4728� 0.0017 2.4525� 0.0009 2.57 2.719� 0.007� 0.0025
[9] 2.285� 0.001 2.468� 0.003 2.453� 0.003 2.580� 0.020 2.710� 0.030
[10] � � � 2.473 2.455 � � � 2.588
[11] 2.303 2.453 2.328 � � � 2.587
[12] � � � 2.653 2.586 � � � 2.720
[13] � � � 2.648 2.575 � � � 2.723
[14] 2.254 2.433 2.474 2.574 2.679
[15] � � � 2.440 2.407 � � � 2.652
[16] 2.295 2.462 2.490 2.594 2.699
[17] 2.343(23) 2.474(11) 2.459(45) 2.593(22) 2.711(16)
[18,19] 2.297 2.481 2.439 2.578 2.698
[20] 2.286 2.476 2.443 � � � 2.698
[26] 2.2807 2.4752 2.4485 2.5768 2.7001
[27] 2.40 2.55 2.45 2.59 2.73
[30] 2.295� 0.251 � � � 2.451� 0.208 � � � � � �
[31,32] 2.284þ0.049

−0.078 � � � 2.54� 0.15 � � � � � �
[33] 2.26� 0.27 2.44� 0.23 � � � � � � � � �
[34,35] 2.31� 0.19 2.48� 0.21 2.40� 0.31 2.50� 0.29 2.62� 0.29
[36] � � � � � � � � � 2.925� 0.115 � � �
[38,39] � � � � � � � � � � � � 2.685� 0.123

PROPERTIES OF SPIN-1=2 HEAVY BARYONS AT NONZERO … PHYS. REV. D 104, 094029 (2021)

094029-11



APPENDIX

In this appendix, we present the explicit forms of the
spectral density ρQCD1 ðs; TÞ (for perturbative and some

nonperturbative parts) and the function B̂ΓQCD
1 ðTÞ defining

other nonperturbative contributions for the Σ0
b baryon as

examples. They are obtained as

ρpert1 ðs; TÞ ¼ −
1

64π4

Z
1

0

dz
ðz − 1Þ f6β½m

2
bmumd − βsmumd� − 3z2m4

b − 8βz2sm2
b − 5β2z2s2g × Θ½Lðs; zÞ�; ðA1Þ

ρhqq̄i1 ðs; TÞ ¼ −
1

8π2

Z
1

0

dzβfmu½hd̄di − 3zhūui� þmd½hūui − 3zhd̄di�g × Θ½Lðs; zÞ�; ðA2Þ

ρhG
2iþhΘf;gi

1 ðs; TÞ ¼ 1

π2

Z
1

0

dz

	
z2
�

g2s
96π2

huΘgui − 3

32

�
αsG2

π

��
−
zβ
3
huΘfui



× Θ½Lðs; zÞ�: ðA3Þ

Here, z is the Feynman parameter, Θ indicates the unit-step function, Lðs; zÞ ¼ szð1 − zÞ − zm2
b, and β ¼ z − 1. The

explicit form of the function B̂ΓQCD
1 ðTÞ for the Σ0

b baryon is obtained as

TABLE X. Vacuum masses of the spin-1=2 negative parity heavy baryons containing a charm quark (in GeV).

mΛ−
c

mΞ−
c

mΣ−
c

mΞ0−
c

mΩ−
c

Present work 2.548þ0.090
−0.086 2.763þ0.103

−0.102 2.868þ0.051
−0.037 2.901þ0.082

−0.079 3.099þ0.046
−0.024

Exp [1] 2.59225� 0.00028 2.7919� 0.0005 � � � � � � � � �
[2] 2.625 2.763 2.748 � � � 2.977
[4] 2.630 � � � 2.795 � � � � � �
[17] 2.668(16) 2.770(67) 2.814(20) 2.933(16) 3.044(15)
[19] 2.598 2.801 2.795 � � � 3.020
[20] 2.598 2.792 2.799 � � � 3.055
[21] 2.594 2.769 2.769 � � � � � �
[22–24] 2.400 � � � 2.700 � � � � � �
[25] 2.559 2.749 2.706 � � � 2.959
[27] 2.67 2.79 2.84 2.94 3.03
[33] 2.61� 0.21 2.76� 0.18 � � � � � � � � �
[34,35] 2.53� 0.22 2.65� 0.27 � � � � � � � � �
[36] � � � � � � � � � 2.925� 0.115 � � �
[38,39] � � � � � � � � � � � � 2.990� 0.129

TABLE XI. List of some operators and their mass dimensions entering our calculations.

Dimension Operator

1 I
3 hq̄1ð2Þq1ð2Þi
4 hΘfðgÞi
4 hG2i
5 m2

0hq̄1ð2Þq1ð2Þi
6 hq̄1q1ihq̄2q2i
6 hq̄1ð2Þq1ð2Þi2
7 hq̄1ð2Þq1ð2ÞihG2i
7 hq̄1ð2Þq1ð2ÞihΘfðgÞi
8 hΘfðgÞi2
8 hG2i2
8 hΘfðgÞihG2i
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B̂ΓQCD
1 ðTÞ¼ 1

1728π2M6

Z
1

0

dz
e

m2
b

M2β

β6

	�
αsG2

π

�
ð−9M4mumdm2

bzβ
4−3βπ2mumdmbhd̄di½m2

bβ
3

þ3M2β4þM2β2ð1−4zþ3z2Þ�þmuhūuiπ2½−63M2β2m2
bð1− z3Þþ180M4β6þ9m4

bβ
3z

−27M2m2
bβð1þ3z3−3z2Þ�þmdhd̄diπ2½M2β2m2

bð−36þþ153z−198z2þ81z3Þþ108M4β4ð1þ z2Þ
þ8505M2βm2

bz
2þ72M4β3ðz3−1−6zβÞþ15m4

bzβ
3þ45M2β4m2

bz�−12π2M2β4m2
bðmuhd̄diþmdhūuiÞ

þð12π2M2β3zmbhd̄di−6π2M2β3zmbhūuiÞðβm2
bþ5M2βþ2M2ÞÞ− ð12M2β5g2sm2

bhuΘguiþ36M4β6g2shuΘgui

þ48M2β6q20g
2
shuΘguiÞðmuhūuiþmdhd̄diÞþhuΘfui

��
αsG2

π

�
ðM2π2β2m2

bð144−176z−80z3þ208z2Þ

þ96M2π2βðm2
bð1þ3z3−3z2− z4Þ−M2β5Þþ32m4

bzðπ2þ3z− z3þ3z2Þ−128π2β4m2
bq

2
0z

þ144M4π2β3z2ð2−βÞþ48M4π2β3ð2−3β−6zÞÞþM2β3g2shuΘguið80M2β3−416M2βzþ16β2m2
bþ256β3q20

−96βm2
b−1536β2q20−96m2

b−1536βq20Þ
�


Θ½Lðs0;zÞ�

þ e−
m2
b

M2

864π2M8

	
27M8m2

0ðmuhd̄diþmdhūuiÞþ144π2M8hūuihd̄diþ72π2M4½mdhd̄diðmuhūuiðm2
bþM2Þ

þM2huΘfuiÞ−m2
bmuhūuihuΘfui−M2m2

0hūuihd̄di�þ3π2M4

�
αsG2

π

�
hūuiðm2

bðmu−mdÞ−M2ðmuþmdÞÞ

þ48π2M6mbhuΘfuiðhūui− hd̄diÞþ9π2M4muhūuihuΘfuið24M2þ64q20Þ
−π2M4mdhd̄dihuΘfuið120m2

b−384q20Þ−8π2m2
0m

2
bhūuihd̄diðm2

bmumdþ9M4Þ

þ128π2M4huΘfui2ðm2
b−3M2−8q20Þ



; ðA4Þ

where the dimensions of some operators included in the formulas are given in Table XI.
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