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Abstract

We consider learning approximate Nash equilibria for discrete-time mean-field games with
stochastic nonlinear state dynamics subject to both average and discounted costs. To this
end, we introduce a mean-field equilibrium (MFE) operator, whose fixed point is a mean-
field equilibrium, i.e., equilibrium in the infinite population limit. We first prove that this
operator is a contraction, and propose a learning algorithm to compute an approximate
mean-field equilibrium by approximating the MFE operator with a random one. Moreover,
using the contraction property of the MFE operator, we establish the error analysis of
the proposed learning algorithm. We then show that the learned mean-field equilibrium

constitutes an approximate Nash equilibrium for finite-agent games.

Keywords: Mean-field games, approximate Nash equilibrium, fitted @Q-iteration algo-

rithm, discounted-cost, average-cost.

1. Introduction

We consider learning approximate Nash equilibria in discrete-time stochastic dynamic games
with a large population of identical agents in a mean-field interaction. The usual approach
to analyse these game models is to study the infinite-population limit of the problem. This
idea was utilized in the works of Huang et al. (2006), Lasry and P.Lions (2007), where
mean-field games (MFGs) were introduced to obtain an approximate Nash equilibria for
continuous-time differential games with a large number of agents interacting via a mean-
field term (i.e., the empirical distribution of the local states). For studies of continuous-time
mean-field games with various models and cost functions, see Huang et al. (2007); Tembine
et al. (2014); Huang (2010); Bensoussan et al. (2013); Cardaliaguet (2011); Carmona and
Delarue (2013); Gomes and Satde (2014); Moon and Bagar (2016a).
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Our goal in this paper is to learn approximate Nash equilibria for a class of stochastic
dynamic games by considering stationary mean-field games in the infinite population limit.
In particular, we establish an algorithm to learn stationary or oblivious mean-field equilib-
rium (see Weintraub et al. (2005, 2008)) in the infinite population limit and make use of
the learned equilibrium in the finite agent setting as an approximate Nash equilibrium.

In stationary mean-field games, a generic agent competes against a stationary mean-field
term that time-homogeneously models the collective behaviour of other agents (Weintraub
et al. (2005)), and therefore solves a Markov decision process (MDP) with a constraint
on the stationary distribution of the state. The stationary mean-field equilibrium, which
consists of a policy and a state measure, is the concept of equilibrium in the infinite-
population limit. This pair must satisfy the Nash certainty equivalence (NCE) principle
(Huang et al. (2006)), which states that the policy should be optimal under a given state
measure, and when the generic agent applies this policy the resulting stationary distribution
of the agent’s state must be the same as the state measure. The existence of stationary
mean-field equilibrium can be established via Kakutani’s fixed point theorem under quite
mild assumptions. Furthermore, it can be shown that when the number of agents is large
enough, the policy in stationary mean-field equilibrium is an approximate Nash equilibrium
for a finite-agent setting (Adlakha et al. (2015)).

In the literature, Weintraub et al. (2010) propose an algorithm for computing oblivious
equilibrium in a stationary mean-field industry dynamics model. Adlakha et al. (2015)
study a stationary mean-field game model with a countable state-space under an infinite-
horizon discounted-cost criterion. Huang and Ma (2019) consider stationary mean-field
games with binary action space, where they establish the existence and the uniqueness
of the stationary mean-field equilibrium. Light and Weintraub (2022) consider stationary
mean-field games with a continuum of states and actions, and establish a novel uniqueness
result for stationary mean-field equilibrium Gomes et al. (2010) study both stationary and
non-stationary mean-field games with a finite state space over a finite horizon and establish
the existence and uniqueness of the mean-field equilibrium for both cases. Elliot et al.
(2013); Moon and Basar (2015); Nourian and Nair (2013); Moon and Bagar (2016b) consider
discrete-time mean-field games with linear state dynamics. Saldi et al. (2018, 2019) consider
a discrete-time non-stationary mean-field game with Polish state and action spaces under
the discounted-cost optimality criterion for fully-observed case and partially-observed case,
respectively. Saldi et al. (2020) consider a discrete-time risk-sensitive non-stationary mean-
field game with Polish state and action spaces. Biswas (2015); Wiecek (2019); Wiecek and
Altman (2015); Saldi (2020) study discrete-time non-stationary mean-field games subject
to the average-cost optimality criterion.

We point out that, except the linear model and the paper of Weintraub et al. (2010),
the studies mentioned above only establish the existence and uniqueness of the mean-field
equilibrium, and they propose no algorithm with convergence guarantee to compute this
mean-field equilibrium when the model is known. In our recent work (Anahtarci et al.
(2020a)), we study this problem for a very general class of models, propose a value iter-
ation algorithm, and prove the convergence of this algorithm to the stationary mean-field
equilibrium. In this current paper, we generalize this algorithm to the model-free setting
using fitted @Q-iteration (see Antos et al. (2007a)); that is, we propose a learning algorithm
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to compute an equilibrium solution for discrete-time stationary mean-field games under the
discounted-cost and average-cost optimality criteria.

Learning in stationary mean-field games has become prominent in recent years. In the
continuous-time setup, Yin et al. (2014) develop a learning algorithm for a mean-field oscil-
lator game model to obtain approximate Nash equilibrium. In the discrete case, Kash et al.
(2011) consider the learning of equilibrium policy in static anonymous games with count-
ably many players. Yang et al. (2018b) establish a learning algorithm for classical stochastic
games via mean-field approximation by factoring the Q-function in terms of actions. Subra-
manian and Mahajan (2018, 2019) consider learning gradient-based equilibria in stationary
mean-field games and develop a two-time scale stochastic gradient ascent algorithm, respec-
tively. Guo et al. (2019) develop a @-learning algorithm to obtain stationary mean-field
equilibria for finite state-action stationary mean-field games, where the convergence analy-
sis depends on contractivity assumptions on the operators involved in the algorithm. Elie
et al. (2019) establish a fictitious play iterative learning algorithm to compact state-action
non-stationary mean-field games under finite-horizon discounted cost criterion, where the
dynamics of the state and the one-stage cost function satisfy certain structure. They also
propose an error analysis of the learning algorithm for the game model with deterministic
state dynamics. Carmona et al. (2019a) study linear-quadratic mean-field control and es-
tablish the convergence of policy gradient algorithm. Fu et al. (2019) develop an actor-critic
algorithm to learn mean-field equilibrium for linear-quadratic mean-field games. Yang et al.
(2018a) consider a mean-field game in which agents can control their transition probabilities
without any restriction. In this case, the action space becomes the set of distributions on
the state space. Using this specific structure, they can transform a mean-field game into an
equivalent deterministic Markov decision process by enlarging the state and action spaces,
and then, apply classical reinforcement learning algorithms to compute mean-field equilib-
rium. Carmona et al. (2019b) apply a similar analysis to mean-field control problems, and
the convergence of the @)-learning algorithm for deterministic systems is established.

In this paper, we develop a learning algorithm that guarantees convergence in a discrete-
time stationary mean-field game with nonlinear stochastic state dynamics. We take into
account the average cost criterion, in contrast to earlier research that mainly dealt with
discounted cost or finite-horizon total cost criteria. It’s also important to note that the
majority of the aforementioned works with convergence guarantees focus on finite state and
finite action settings, whereas we assume that the action space is a compact and uncountable
subset of a finite dimensional Euclidean space. In general, it is more challenging to deal
with this assumption. Furthermore, we prove that our algorithm converges to the global
stationary mean-field equilibrium rather than local stationary mean-field equilibria. We
also establish easily verifiable conditions on the system components for the convergence of
the learning algorithm, which is lacking in some of the prior works mentioned above.

Our learning algorithm performs two-steps in each iteration. In the first step, given any
mean-field term, an optimal policy is learned via a fitted Q-iteration algorithm. Then, using
this optimal policy and the current mean-field term, the next mean-field term is computed
in the second step by an empirical estimate of the transition probability, which is obtained
via simulation. We prove that the policy obtained by this algorithm is close to the mean-
field equilibrium policy, and can therefore be used as an approximate Nash equilibrium for
a finite-agent game if the number of agents is sufficiently large.
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The error analysis of our learning process depends crucially on the determination of the
contraction of the operator providing the stationary mean-field equilibrium. It is necessary
to prove that the optimal policy is Lipschitz continuous with respect to the current mean-
field term since the optimal policy corresponding to the current mean-field term affects
the next mean-field term through the value iteration algorithm. Although establishing
the Lipschitz continuity of the optimal ) function with respect to the mean-field term is
straightforward, it is quite challenging to do the same for the optimal policy. To overcome
this problem, we assume that the function in the optimality equation is strongly convex
and has Lipschitz continuous gradient. In our recent work (Anahtarci et al. (2020b)) we
provide a different approach by introducing a strongly convex regularization function in the
one-stage cost function that helps us to obtain Lipschitz continuity of the optimal policy
with respect to the mean-field term via duality between strong convexity and smoothness,
therefore eliminating the need for strong convexity and smoothness assumptions on the
system components when establishing the Lipschitz regularity of the optimal policy with
respect to the mean-field term. Although this regularization approach allows us to relax
the assumptions on the system components, it adds bias to the equilibrium solution since
regularization in general favours randomized policies over deterministic policies, and causes
the regularized stationary mean-field equilibrium to deviate from the true stationary mean-
field equilibrium as a result of the additional regularization term in the one-stage cost
function.

The paper is organized as follows. In Section 2, we introduce the mean-field game and
define the mean-field equilibrium. In Section 3 and Section 6, we introduce MFE operator
when the model is known for discounted-cost and average-cost, respectively. In Section 4
and Section 7, we formulate the finite-agent version of the game problem for discounted-
cost and average-cost, respectively. In Section 5 and Section 8, we propose and perform
the error analysis of the learning algorithm for the unknown model and prove that learned
mean-field equilibrium constitutes an approximate Nash equilibrium for finite-agent games
for discounted-cost and average-cost, respectively. In Section 9, we propose a numerical
example. Section 10 concludes the paper.

Notation. For a finite set E, we let P(E) and M(E) denote the set of all probability
distributions on E and the set of real-valued functions on E, respectively. In this paper,
P(E) is always endowed with l;-norm || - ||;. We let m(:) denote the Lebesgue measure
on appropriate finite dimensional Euclidean space R?. For any ¢ € R? and p > 0, let
B(a,p) ={b: |la—b|| < p}, where || - || denotes the Euclidean norm. Let @ : E; X Es — R,
where E; and Ej are two sets. Then, we define Quin(e1) := infe,cg, Q(e1, e2). The notation
v ~ v means that the random element v has distribution v.

2. Mean-field games and mean-field equilibria

In this paper, we consider a discrete-time mean-field game with state space X and action
space A. Here, X is a finite set with the discrete metric dx(x,y) = 12, and A is a
convex and compact subset of a finite dimensional Euclidean space R4™A equipped with
the Euclidean norm || - ||*. The state dynamics evolve according to the transition probability

1. In this work, by updating several definitions appropriately, all results are still true if one metrizes the
finite dimensional Euclidean space RY™2 with lp-norm for p > 1.
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p: XxAXP(X) = P(X); that is, given the current state x(¢), action a(t), and state-measure
i, the next state x(t + 1) is distributed as follows:

z(t+ 1) ~ p(-|z(t), alt), ).

In this model, a policy 7 is a conditional distribution on A given X; that is, 7 : X — P(A).
Let IT denote the set of all policies. A policy 7 is deterministic if 7( - |z) = &7, (-) for some
f: X —= A. Let II; denote the set of all deterministic policies.

Although we name this model as mean-field game, it is indeed neither a game nor a
Markov decision process (MDP) in the strict sense. This model is in between them. Similar
to the MDP model, we have a single agent with Markovian dynamics that has an objective
function to minimize. However, similar to the game model, this agent should also compete
with the collective behaviour of other agents. We model this collective behaviour by an
exogenous state-measure u € P(X)2. By law of large numbers, this measure p should be
consistent with the state distribution of this single agent when the agent applies its optimal
policy. The precise mathematical description of the problem is given as follows.

If we fix a state-measure p € P(X), which represents the collective behaviour of the other
agents, the evolution of the state and action of a generic agent is governed by transition
probability p : X x A x P(X) — P(X), policy 7 : X — P(A), and initial distribution 7y of
the state; that is,

2(0) ~mo, () ~p(-[z(t—1),a(t =1), ), t =1,
a(t) ~ (- |x(t)), t > 0.

For this model, a policy m* € II of a generic agent is optimal for p if

Ju(m*) = ;Iellf-[ Ju(T),

where

Ju(m) = E¥ [i Bclalt). alt). )

or

T—1
Ju(m) = lijgl_)SOsz %E” L c(z(t),al(t), ,u)} .

Here, the first cost function is the discounted-cost with discount factor 8 € (0,1) and the
second cost function is the average-cost. The measurable function ¢ : X x A x P(X) — [0, 00)
is the one-stage cost function. With these definitions, to introduce the optimality criteria
of the model, we need the following two set-valued mappings.

2. In classical mean-field game literature, the exogenous behaviour of the other agents is in general modelled
by a state measure-flow {p:}, pr € P(X) for all ¢, which means that total population behaviour is non-
stationary. In this paper, we only consider the stationary case; that is, u+ = p for all ¢t. Establishing a
learning algorithm for the non-stationary case is more challenging and is a future research direction.
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The first set-valued mapping ¥ : P(X) — 2 is defined as
U(p) = {m €Il : 7 is optimal for p when ng = u}.

Hence, W(u) is the set of optimal policies for a given state-measure p when the initial
distribution 7 is equal to u as well.

We define the second set-valued mapping A : IT — 2PX) as follows: for any 7 € II, the
state-measure p € A(m) if it satisfies the following fixed point equation:

() =% /A P+ 20, 1) (dal) i ().

zeX

Note that if pur € A(7) and 19 = pr, then () ~ p, for all ¢ > 0 under policy 7. If there
is no assumption on the transition probability p : X x A x P(X) — P(X), we may have
A(m) = 0 for some w. However, under Assumption 1, we always have A(mr) non-empty,
which will be proved in Lemma 3.

We can now define the notion of equilibrium for mean-field games via the mappings ¥,
A as follows.

Definition 1 A pair (7, ps) € II X P(X) is a mean-field equilibrium if 7, € ¥(u.) and
s € A(7y); that is, . is an optimal policy for p. and p. is the stationary distribution of
the states under policy m, and initial distribution pi.

In the literature, the existence of mean-field equilibria has been established for the
discounted-cost in Saldi et al. (2018) and for the average-cost in Wiecek (2019); Saldi (2020).
Our aim in this paper is to develop a learning algorithm for computing an approximate
mean-field equilibrium in the model-free setting. To that end, we define the following
relaxed version of mean-field equilibrium.

Definition 2 Let (7, ) € g x P(X) be a mean-field equilibrium. A policy . € Iy is
an e-mean-field equilibrium policy if

sup ||e(z) — e ()] < e.

zeX
Note that in above definition, we require that m, is deterministic. Indeed, this is the case
under the assumptions stated below. Therefore, without loss of generality, we can place
this restriction on .

With this definition, our goal now is to learn an e-mean-field equilibrium policy under
the model-free set-up. To this end, we will impose certain assumptions on the components
of the mean-field game model. Before doing this, we need to give some definitions. Let
us define M, (X) as the set of real-valued functions on X bounded by ||¢||oc/(1 — 7). Here,
7 = f if the objective function is discounted-cost and 7 = %Y (see Assumption 3) if the
objective function is average-cost. Let F': X x M, (X) x P(X) x A — R be given by

F:Xx M.(X)x P(X) x A>3 (z,v,u,a) = c(x,a, p) —i—va(y)p(ym,a,y) €R,
yeX

where £ = f3 if the objective function is discounted-cost and £ = 1 if the objective function
is average-cost. We may now state our assumptions.
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Assumption 1

(a) The one-stage cost function c satisfies the following Lipschitz bound:
e(x,a,p) — (&, a, i)| < Ly (dx (2, 2) + lla —al + [lp — All) (1)
for every x,& € X, a,a € A, and p, i € P(X).

(b) The stochastic kernel p(-|x,a, ) satisfies the following Lipschitz bound:

Ip(-|z, a, ) = p(:|2, @, p) |1 < Ky (dx(z, 2) + [la — al| + lu — fil]1) (2)
for every x,& € X, a,a € A, and p, 1 € P(X).
(¢c) There exists a > 0 such that for any a € A and 6 > 0, we have

m (B(a,d) NA) > min{am(B(a,d)),m(A)}.

(d) Foranyx € X, v € M.(X), and p € P(X), F(z,v, p,-) is p-strongly convex. Moreover,
the gradient VF (z,v, p,a) : Xx My (X) xP(X) xA — R? of F with respect to a satisfies
the following Lipschitz bound:

SHE HVF('Z.7U7//’7 a) - VF('%?QA}?:&? a)” < Kp (dx(w,:f) + HU - @HOO + HM - ﬂHl) )
ac

for every x,z € X, v,0 € M-(X), and p, i1 € P(X).

Let us motivate these assumptions. First, assumptions (a) and (b) are standard con-
ditions in stochastic control theory to obtain a rate of convergence bound for learning
algorithms. Assumption (c) is needed to bound the lo-norm of Lipschitz continuous func-
tions on A with their lo-norm. Assumption (d) is imposed to guarantee Lipschitz continuity
of the optimal policy with respect to the corresponding state-measure. Indeed, this con-
dition is equivalent to the standard assumption that guarantees Lipschitz continuity, with
respect to unknown parameters, of the optimal solutions of the convex optimization prob-
lems (Bonnans and Shapiro, 2000, Theorem 4.51).

Example 1 Let us consider the industry dynamics model, introduced in Weintraub et al.
(2005, 2008), where the state x(t) € X of the system gives the quality level of the firm, and
the state lives in the finite set X = {0,...,m}. Given the mean-field term u, the state of
the system evolves in the following form:

z(t + 1) = min{z(t) + h(a(t), p, w(t)), m},

where a(t) € A = 1[0, K] is the action, which denotes the investment of the agent to increase
its quality, h : A x P(X) x W — X, and w(t) € W is the independent noise. In this model,
the problem is to maximize the discounted reward, which is equivalent to minimizing the

3. The state dynamics of the model in Weintraub et al. (2005, 2008) does not depend on the mean-field
term p. For generality, we assume that there is such a dependence in our example.
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negative of the discounted reward. Therefore, in the minimization formulation, one-stage
cost function has the following form:

c(z,a, p) = c2(a) — cr(z, p),

where c1(x, 1) is the profit of the firm and ca2(a) is the cost of the investment. For this model,
Assumption 1-(c) is true with « = 1. To have Assumption 1-(d), we need to assume that:
(i) c2(a) is differentiable and p-strongly convex (this is true if, for instance, d*co/da® > p),
(ii) Plh(a, p,w) = 1] is convex in a and continuously differentiable in (a, ), for all l € X.
Indeed, for any x, v, and p, the function F(x,v,pu,a) has the following form:

F($’ U, [, a) = CQ(G) - (mv N) +¢ Z U(y) P[min{x + h(a’ My w)’ m} = y]
yeX

= es(a) —eala ) + €| S 0(y) Plh(a, pyw) = y — ] + v(m) Plh(a, g, w) > m — a]
_m§y<m

= C2<a) —ci(w, p) +§ Z U(y) P[h(CL?:u’?w) =Yy- 1’] + Z U<m) ]P)[h(anu’v w) = l] )

0<y<m l=m—x

where the last equality is true since Plh(a,p,w) =y —x] = 0 if y < x. Since ca(a) is
p-strongly convezr and Plh(a, pu, w) =] is convex in a, the function F(z,v,u,a) is p-strongly
convex in a. Moreover, for every x,z € X, v,0 € M;(X), and p, i1 € P(X), we have

sup|VF(x,v,,u, a) - VF(i‘v@vﬂa a)‘ < sup |VF('I”U7/L’Q) - VF(SAC,’U,/L,CLM
acA acA

+SUP|VF(52‘>U,M7 CL) - VF(»”ZE@’M’ CL)| + Sup‘vF('%v’[)al%a) - VF(.%,’LA),,&,CL)’ (3)
a€A a€A

To bound the terms in the sum (3), let us define the following constants:

©1 = sup ’vaP[h<av Maw) = l”
w,a,l

m—1

Oy :=sup »_ [VaP[h(a, i, w) = 1] = VaP[h(a, i, w) = 1+ 1]|

a, 1=0

O3 = Supzsup Hva,u]}p[h(avuvw) = l]”
=0 M

©4 = sup Z |va]P)[h(aa K, ’LU) = l]|7
SR 1—0
where VP[h(a, p, w) = 1] and V,,Plh(a, p, w) = 1] are the gradients of P[h(a, u,w) = ]
with respect to a and (a, ), respectively. Since P[h(a, u, w) = 1] is continuously differentiable
with respect to (a,p), and the sets A and P(X) are compact, the constants above are well-
defined.

Without loss of generality, suppose x < &. Considering the first term in the sum (3),
for all a € A we have

|\VF(z,v,pu,a) — VF(Z,v,p,a)|
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<¢ Z v(y) VoPlh(a, p,w) =y — z] + Z v(m) Vi P[h(a, p,w) = 1]
0<y<m m—x<I<m
S o) Voblha ) =y a4 X o) VElhta, ) =1
0<y<m m—2<I<m
y—z—1
<6 ) X (Vi) =)= VBl ) =14 1)|
<y<m =y—=&
re| X e Vo) =1
m—z<y<m—zx
ggﬂﬁ(@ﬁ@l)\x—@y. (4)

For the second term in the sum (3), for all a € A we have

|\VF(&,v,pu,a) — VF(Z,0,p,a)|

S 5 Z U(y) VGP[h(a7 Hy w) =Y - i'] + Z U(m) VGP[h(a7 H, ’LU) = l]
z<ly<m m—z<I<m
Y 0y) VePla(a, pw) =y =2+ Y (m) VaP[h(a, p,w) =]
z<ly<m m—z<I<m
< €04 [[v - 8. (5)

Finally, for the third term in the sum (3), for all a € A, we have

IVF(2,9,1,a) — VF(&,0, i, a)|

<& > oy VaPlhla,pw) =y -]+ > i(m)VeP[h(a, p,w) =]
z<y<m m—z<I<m
D iy VaPlh(a, ow) =y — ]+ > 8(m) VaP[h(a, i, w) =]
z<y<m m—z<I<m
et S (TuPlbla ) =1 - Viblnta. ) =1]) | )
0<i<m

By the mean-value theorem, there exists i such that
VaP[h(a, p,w) =1 = V P[h(a, i, w) =1 = Vo Ph(a, i, w) =1] - (1 — f1)

Hence, (6) can be bounded from above as follows:

6) < e 1= 01— 4. ()

1—17
Bringing together the upper bounds in (4), (5), and (7), we get

sup\VF(x,v,,u, a) - VF(£7ﬁ7ﬂa a)‘
a€A



ANAHTARCI, KARIKSIZ, AND SALDI

1
= K (dx (2, &) + [|v = 0lloo + [l = fill) -

< max{g”f”_wf (0 +61).£0,.¢ 10 93} (A, @) + o = Dlloo + [l = il (8)

since |r — | < mdx(x,2). Hence, Assumption 1-(d) is true for this model under the
conditions (i) and (ii). Note that the bound in (8) is fairly crude. By using further properties
of the transition probability and the one-stage cost function in addition to conditions (i) and
(ii) in specific examples, one can significantly improve this bound. Moreover, instead of the
li-norm on the set of distributions on the state space X, if we use Wasserstein distance
of order 1, it is also possible to improve the bound in (8) by altering the related analysis
according to this distance.

In this paper, we first consider learning in discounted-cost MFGs. Then, we turn our
attention to the average-cost case. In the sequel, we first introduce a mean-field equilibrium
(MFE) operator for discounted-cost, which can be used to compute mean-field equilibrium
when the model is known. We prove that this operator is a contraction. Then, under
model-free setting, we approximate this MFE operator with a random one and establish
a learning algorithm. Using this learning algorithm, we obtain e-mean-field equilibrium
policy with high confidence. To obtain the last result, it is essential that MFE operator
is contraction. After we complete the analysis for discounted-cost, we study average-cost
setting by applying the same strategy.

Before we move on to the next section, for completeness, let us prove the following
result.

Lemma 3 Under Assumption 1, for any m, the set A(m) is non-empty.

Proof Recall that for any 7 € II, the state-measure p, € A(m) if it satisfies the following
fixed-point equation:

e} = [ 91220, 0r) () o). 9)

zeX

Let us define the set-valued mapping Ly : P(X) — 2PX) as follows: given pu € P(X), a
probability measure i € L (p) if it is an invariant distribution of the transition probability
Jap(- |z, a, p) w(dalx); that is

i) = 3 [ p(- v, p) wdale) )

zeX

Note that the transition probability [, p(-|z,a, ) 7(da|z) is Feller continuous, and since X
is finite, the sequence of n-step transition probabilities are tight for any x € X. Therefore,
we can apply Krylov-Bogoliubov theorem (Hairer, 2006, Theorem 4.17), and obtain that
Lr(p) is non-empty for each p € P(X). Moreover, L (u) is also convex for each p € P(X).
If we can prove that L, has a closed graph, by Kakutani’s fixed point theorem (Aliprantis
and Border, 2006, Corollary 17.55), we can conclude that L, has a fixed point fi; that is, /i
satisfies (9). Hence, 1 € A(m).

10
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To this end, let (pn, fin) — (u, ft), where fi,, € Lz(uy,) for each n. Note that L, has a
closed graph if i € Lr(u). For each n, we have

jnl) = 3 [ Dol o) w(dal) o). V€ X

zeX

For all y € X, the left part of the above equation converges to u(y) since fi,, — i and the
right part of the same equation converges to

3 /A p(yle, a, p) w(dalz) ()

zeX

since fi, — o and [, p(y|-,a, py) 7(da|-) converges to [, p(y|-,a, p) w(da|-) continuously
by Assumption 1 (Langen, 1981, Theorem 3.5)%. Hence, we have

i) =% [ o-lo.aw(dela) (o)

zeX

In other words, i € Lr(u), and so, L has a closed graph. This completes the proof. |

3. Mean-field equilibrium operator for discounted-cost

In this section, we introduce a mean-field equilibrium (MFE) operator for discounted-cost,
whose fixed point is a mean-field equilibrium. We prove that this operator is a contraction.
Using this result, we then establish the convergence of the learning algorithm that gives
approximate mean-field equilibrium policy. To that end, in addition to Assumption 1, we
impose the assumption below. But, before that, let us define the constants:

Cm Q . Ly
1—p" M T 18K /2

(10)

Cm = ”CHoo’ Qm =

Assumption 2 We assume that

3K K KK i
1 <1+F>+ 1 FQLlp

2 p p(1—pB) <h

where Qrip > 0.

This assumption is used to ensure that the MFE operator is a contraction, which is
crucial to establish the error analysis of the learning algorithm. Note that using Banach
fixed point theorem, one can also compute the mean-field equilibrium by applying the MFE

4. Suppose g, gn (n > 1) are uniformly bounded measurable functions on metric space E. The sequence of
functions gy is said to converge to g continuously if limn— oo gn(en) = g(e) for any e, — e where e € E. In
this case, (Langen, 1981, Theorem 3.5) states that if p, — p weakly, then [; gn(€) pn(de) — [¢ g(e) u(de).
If E is finite with discrete metric, then weak convergence of probability measures on E is equivalent to
l1-convergence.

11
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operator recursively to obtain successive approximations (i.e., Picard iteration). However,
even if it is restrictive, it is not possible to prove convergence of the learning algorithm
without a contraction condition. In addition, imposing a contraction condition is a common
method in learning mean-field games (see Guo et al. (2019); Fu et al. (2019)).

Note that, given any state-measure y, the value function J,, of policy m with initial state

x is given by
Iuma) = B S 8ela(®).a(t) 1)
t=0

Then, the optimal value function is defined as Jj;(z) = infren Jyu(m, ) for all z € X. Using
J};, we can characterize the set of optimal policies W(u) for p as follows. Firstly, J;(z) is
the unique fixed point of the Bellman optimality operator T},, which is a S-contraction with
respect to the || - ||oo-norm:

2(0) = x]

Ju(z) = 1;1612[ (x,a, @) —i—ﬂZJ* p(ylz,a ,u)} = T,J,(x).

yeX

Additionally, if f* : X — A attains the minimum in the equation above for all x € X as
follows

Ianei£1|:($a,u +8Y T ) Ixau)}—C(fﬂf w4+ B> Tr) plyle, £*(x), ),

yeX yeX

then the policy m*(a|x) = 04+(,)(a) € Il is optimal for y and for any initial distribution 7.
We refer the reader to (Herndndez-Lerma and Lasserre, 1996, Chapter 4) and (Hernandez-
Lerma and Lasserre, 1999, Chapter 8) for these classical results in MDP theory.

We can also obtain a similar characterization by using the optimal @-function instead
of the optimal value function Jj;. Indeed, we define the optimal Q-function as

Qi(w,a) = c(w,a, 1) + B T2 () plyl, a ).

yeX

Note that @}, (%) == mingea @, (2, a) = Jj(z) for all z € X, and so, we have

Q(x,a) = c(x,a, 1) + B ) Qpumin(y) Plylz, a, p) = HuQj(x, a),

yeX

where H, is the Bellman optimality operator for Q-functions. It is straightforward to prove
that H, is a || - [[co-contraction with modulus 8 and the unique fixed point of H), is Q7.
Hence, we can develop a Q-iteration algorithm to compute @)},, and the policy ™ (alz) =
dp+(z)(a) € g is optimal for 42 and for any initial distribution no, if @}, (2, f*(z)) = @}, in(2)
for all x € X. The advantage of Q-iteration algorithm is that one can adapt this algorithm
to the model-free setting via Q-learning.

Let us recall the following fact about /; norm on the set probability distributions on
finite sets (Georgii, 2011, p. 141). Suppose that there exists a real valued function g on a

finite set E. Then, for any pair of probability distributions u,v on E, we have
span(g)
Do gleyue) = gle)v(e)| < 5 e =7l (11)
e e

12
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where span(g) := sup,.cg g(e) — inf.cg g(e) is the span-seminorm. Using this result, we can
prove the following fact about optimal value functions.

*
©,min

Lemma 4 For any p € P(X), the optimal value function Q
uous; that is,

is Qrip-Lipschitz contin-

‘Qz,min(x) - QZ,min(y)’ < QLip dx(:(}, y)

Proof Fix any u € P(X). Let u : X — R be K-Lipschitz continuous for some 0 < K < Lj.
Then g = u/K is 1-Lipschitz continuous and therefore, for all a € A and z,y € X we have

S ulalptelzvan )~ S ulalplely.a | = K

x x

S ateplelzia) = S glehnlalnas)

< 5 Ip(- |20 = p(- gl (by (11)

KK
< 5 ! dx(z,y), (by Assumption 1)

since sup,, g(z) — inf, g(z) < 1. Hence, the contractive operator 7), maps a K-Lipschitz
function u to a L; + K K1 /2-Lipschitz function, indeed, for all z,y € X

| Tyu(z) = Tuu(y)|

< sup{IC(z, a,p) — c(y,a,p)| +
a

S ulalptolzvan )~ S ulalptely.a. ) |

x T

KK,
2

ixCeo) = (Lot A5 et

S leX(zv y) + B

Now we apply 7}, recursively to obtain the sequence {T)u} by letting T)ju = TH(TZ}_lu),
which converges to the optimal value function Q7 ., by Banach fixed point theorem.
Clearly, by mathematical induction, we have for all n > 1, T)'u is Kj,-Lipschitz contin-

uous, where K, = Ly Y10 (8K1/2)" + K(8K1/2)". Since K < Ly, then K,, < K, for
all n and therefore, Ky, T Quip. Hence, Tjju is Quip-Lipschitz continuous for all n, and

therefore, Q; min 18 also Qrip-Lipschitz continuous. |

Before introducing the mean-field equilibrium (MFE) operator, we first define the set C
on which the Q-functions live. We let C consist of all Q-functions @ : X x A — R such that
Q(x,-) is Qrip-Lipschitz and p-strongly convex for every x € X with ||@Q||cc < Qm, and the
gradient V@ of Q) with respect to a satisfies the bound

sSup HVQ(Z‘, a) - VQ(C%,G)H < Kp dx(.%', i’),
acA
for every z,z € X.

The MFE operator defined as a composition of the operators H; and Hy, where H; :
P(X) — C is defined as Hq(u) = @}, (optimal Q-function for ;1), and Ha : P(X) x C — P(X)
is defined as

Ha (1, Q)(-) = Y _ p(-|z, fq(@), ) p(x), (12)

zeX

13
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where fo(-) = argmin,ca Q(-,a) is the unique minimizer of @ € C by p-strong convex-
ity. Here, H; computes the optimal )-function given the current state-measure, and Hy
computes the next state-measure given the current state-measure and the corresponding
optimal @-function. Therefore, the MFE operator is given by

H = P(X) > s Hy (s, Hi () € P(X). (13)
In this section, our goal is to prove that H is a contraction.

Remark 5 Note that we can alternatively define the operator Hs as a mapping from C to
P(X) as follows: Ha(Q) = u if u satisfies the following fixed point equation:

=Y (|, fol@), p) p(x).

zeX

Notice that Hs is a well-defined operator since such a state-measure p € P(X) exists for
any @Q by Lemma 5. Hence, we may define the MFE operator as H(p) = Hao(Hi(u)).
In this case, one can prove that this operator has the same contraction coefficient as the
original MFE operator given in (13). However, although the original Hs operator in (12)
can effortlessly be approximated via computing the empirical estimate of p(-|x, fo(x), 1) for
each x € X, which is possible since |X| < oo, approzimating the new Hsy operator is quite
costly. Indeed, we need to compute a fized point of some equation in this case. Therefore,
there is no advantage to replace original Hy with the new one.

In the following lemma, we prove that H; is Lipschitz continuous, which will later used
to prove that H operator is a contraction.

Lemma 6 The mapping H; is Lipschitz continuous on P(X) with the Lipschitz constant
Kpg,, where
Quip

KH1 = 1_5

Proof First of all, H; is well-defined; that is, it maps any p € P(X) into C. Indeed, recall
that @7, is the fixed point of the contractive operator H,:

Qp(z,a) = c(z,a, 1) + B Qi min(W) p(y|2, 0, 1),
yeX

Then, using Assumption 1-(a),(b),(d), it is straightforward to prove that H;(u) € C. Indeed,
the only non-trivial fact is the Qrip-Lipschitz continuity of ()}, on X x A. To this end, let
(z,a),(z,a) € X x A be arbitrary. Then,

Q. (z,a) — Q(2,a)|
|(l‘(l,u +62Qu,mm ( ‘xaﬂ)—cxaﬂ BZQM,mm | CL,LL)|

Kl QLlp

< Li(dx(z, &) + |la —al) + 5 (dx(z, %) + [la —al]),

14
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where the last inequality follows from (11) and Lemma 4. Hence, @}, is Quip-Lipschitz
continuous.

Now, we prove that H; is Kp,-Lipschitz on P(X). For any p, i € P(X), we have
[H1 (1) — Hi(i)lloo = 1@}, — Qallo

= sup

(wau+BZQumm pyle, a,p) — c(x, a, ) — BZQﬂmm p(ylz, a, i)

< Liljp—ali+8 min(W)P(Y|2, @, 1) ZQu,mm p(ylz, a, i)

Z Qu mln y|l’ a M) Z Qz,min(y)p(y|xa a, /l)

y
A K1 Qui A .
< Liflp =il + B === Ml = lh + 8@ = @il
where the last inequality follows from (11) and Lemma 4. [

Now, using Lemma 6, we can prove that H is a contraction on P(X).

Proposition 7 The mapping H is a contraction with contraction on P(X) constant Ky,
where 3K K K\KrpK
Ky = 21 (1+F> ERS
p

Proof Fix any p, i € P(X). Note that, since @}, = H,Q},, the mapping faor (x) is the unique
minimizer of F'(z, Q7 min» M -). Similarly, sz (y) is the unique minimizer of F(y, Q7 min> ).
For any z,y € X, we define a = fg: (z) and r = fQE (y)—fq; (z). As a is the unique minimizer
of a strongly convex function F(z,Q* Jmins M -), by the first-order optimality condition, we
have

VFE (QZ, Qz,mina K, CL) -r > 0.
For a 4+ r and F(y, Q7 mins Hs - ), by first-order optimality condition, we also have
VF (y’ Qz,mimﬂa a+ T) -r <0.

Therefore, by p-strong convexity of F' in Assumption 1-(d) and (Hajek and Raginsky, 2019,
Lemma 3.2), we have

_VF(y7 Qz,mimﬂ’ a) = _VF(yv Qz,minvﬂ’a) Tt VF(y’ Qz,min’ﬂv a+ 7“) T
> pr|?. (14)

Similarly, by Assumption 1-(d), we also have

—VF(y, Qz,mina L a’) < _VF(y7 Qz,minn&v a) T+ VF(JZ, Q:,mina My CL) T
< ”TH HVF(Q:7QZ,min7M7 CL) - VF(y7QZ,min7/l7a)H

15
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< Kp |l (dx (@, ) + 1Q min — Qminlloc + [l = f2]11)
< Kp |Irll (dx(z,y) + 1Q} — Qillo + I = itll1) - (15)
Combining (14) and (15) yields
plrl? < Kp vl (dx(z,y) + 119 — Qhlloo + lle — all1) -

Since 1 = for (y) — fqz (x), we obtain

K
1@z (v) = fop (@)l < 7F (dx (@, y) + 1Q), — Qflloc + 1 — ill1)

= K2 () + 11 () — B (@)lloo + 12— A1)

Kr . .
< e (dx(z,y) + Kn, |l — plls + |le — 2ll1) - (16)

Therefore, fq: (x) is Lipschitz continuous with respect to (z, ).
Now, using (16), we have

| Ha(pt, H(p)) — Ha(fi, H1(f2))[1 = Z

)

>yl fop (), 1), 1) ()

xT

—Z ylz, for (), i) i)

<.

)

> plyle, for (@), 1) p(z)

xT

- Z ylz, for (), i) p()

2

Y

> plyle, foy (@), i) plz)

xT

—Z (yle, fos (@), ) ji(z)

()
< 3 [ptle. fe (@), — pCle fay (). )

Hz)

K; Kr N
t5 <1+> [ — il
p
< K1 (Ilfaz (2) = fa; @)1 + i = il
K Kr N
t5 <1+> [ =l
p

< Kgllp—alh- (17)
Note that (16) and Assumption 1-(b) lead to

Il fos (1), &) — p(-ly. Far (). lls < K <1 + K/;F)
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Hence, (I) follows from Lemma 32. This completes the proof. |

Remark 8 Note that in the MDP theory, it is normally not required to establish the Lips-
chitz continuity of the optimal policy. Indeed, the Lipschitz continuity of the optimal value
function is in general needed, which can be established straightforward as in Lemma 4. How-
ever, in mean-field games, since the optimal policy fQ; directly affects the behaviour of the
next state-measure through

HQ(M? QZ)() = Zp('|$a fQ:j’ /’L) M(m)a

one must also establish the Lipschitz continuity of the optimal policy fQ; in this case. This
is indeed the key point in the proof of Proposition 7.

In Anahtarci et al. (2020b), we establish the Lipschitz continuity of the optimal policy
by introducing a regularization term into a one-stage cost function. This significantly re-
lazes conditions on the system components in Assumption 1-(d) and simplifies the analysis.
However, the regularization term adds some bias to the equilibrium solution (i.e., it in gen-
eral favours randomized policies over deterministic policies) and also causes the regularized
stationary mean-field equilibrium to deviate from true stationary mean-field equilibrium as
a result of the additional reqularization term in the one-stage cost function.

Under Assumption 1 and Assumption 2, H is a contraction mapping. Therefore, by the
Banach fixed point theorem, H has a unique fixed point. Let p, € P(X) be this unique
fixed point and let Q}, = Hi(u.). Define the policy (- |z) = 5fQZi*(x)( -). Then, one can
prove that the pair (7, ux) is a mean-field equilibrium. Indeed, note that (u., Q7,,) satisfies
the following equations

pa() = Y p(lw, a, ) molale) (), (18)
zeX

QZ* (33, a) = C(xv avu*) + 52 Qz*,min(y) p(y|x, anu’*)‘ (19)

yeX

Here, (19) implies that m, € W(u,) and (18) implies that p. € A(m,.). Hence, (my, ps) is
a mean-field equilibrium. Hence, we can compute this mean-field equilibrium via applying
H recursively starting from arbitrary state-measure. This indeed leads to a value iteration
algorithm for computing mean-field equilibrium. However, if the model is unknown; that is
the transition probability p and the one-stage cost function ¢ are not available to the decision
maker, we replace H with a random operator and establish a learning algorithm via this
random operator. To prove the convergence of this learning algorithm, the contraction
property of H is crucial, as stated before.

4. Finite-Agent Game for Discounted-cost

The mean-field game model defined in Section 2 is indeed the infinite-population version
of the finite-agent game model with mean-field interactions, which will be described in this

17
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section. In this model, there are N-agents and for every time step ¢t € {0,1,2,...} and
every agent i € {1,2,..., N}, z)V(t) € X and a (t) € A denote the state and the action of
Agent i at time t, respectively. Moreover,

1 N
e () = 2 davn(+) € PX)
=1

denote the empirical distribution of the agents’ states at time ¢. For each ¢ > 0, next states

(N (t+1),...,28(t+1)) of agents have the following conditional distribution given current
states (zV(¢),...,2Y(t)) and actions (al¥ (2),...,al(¢)):
N
(@ 4D+ D) ~ @l - [ (1) (1), ™).
i=1

A policy m for a generic agent in this model is a conditional distribution on A given X; that
is, agents can only use their individual states to design their actions. The set of all policies
for Agent i is denoted by II;. Hence, under w € II;, the conditional distribution of the
N(t) of Agent i at time ¢ given its state z (¢) is

% %

ail (t) ~ m(- | (1))

7

action a

Therefore, the information structure of the problem is decentralized. The initial states
{zN(0)}, are independent and identically distributed according to the initial distribution
7o-
We let V) .= (z',...,7N), 7* € II;, denote an N-tuple of policies for all the agents in
the game. Under such an N-tuple of policies, for Agent i, the discounted-cost is given by

S @0) = B[S et (). ¥ (0, |
t=0

Since agents are coupled through their dynamics and cost functions via the empirical dis-
tribution of the states, the problem is indeed a classical game problem. Therefore, the
standard notion of optimality is a player-by-player one.

Definition 9 An N-tuple of policies aV*) — (ml* ... , V%) constitutes a Nash equilibrium
if
Jz(N)(Tr(N*)) — i.nf ‘]z(N) (ﬂ.(_]\;*)’ﬂ_i)
mrell;
for eachi=1,...,N, where W(_]\Z-[*) = (m7%) ..

We note that obtaining a Nash equilibria is in general prohibitive for finite-agent game
model due to the decentralized nature of the information structure of the problem and the
large number of agents (see (Saldi et al., 2018, pp. 4259)). Therefore, it is of interest to
seek an approximate Nash equilibrium, whose definition is given below.

18
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Definition 10 An N-tuple of policies #(N*) = (', ..., 7% constitutes a 6-Nash equilib-
rium if

Ji(N)(ﬂ-(N*)) < lnlf-[ Ji(N)(W(—]\i[*)vWi)_‘_é
mrell;

foreachi=1,...,N, where Tr(_]\i[*) = (ﬂ'j*)j#.

In finite-agent mean-field game model, if the number of agents is large enough, one
can obtain a d-Nash equilibrium by studying the infinite-population limit N — oo of the
game (i.e., mean-field game). In the infinite-agent case, the empirical distribution of the
states can be modelled as an exogenous state-measure, which should be consistent with the
distribution of a generic agent by the law of large numbers (i.e., mean-field equilibrium);
that is, a generic agent should solve the mean-field game that is introduced in the preceding
section. Then, it is possible to prove that if each agent in the finite-agent N game problem
adopts the policy in mean-field equilibrium, the resulting N-tuple of policies will be an
approximate Nash equilibrium for all sufficiently large N. This was indeed proved in Saldi
et al. (2018).

Note that it is also possible to prove that if each agent in the finite-agent game model
adopts the e-mean-field equilibrium policy, the resulting policy will be also an approxi-
mate Nash equilibrium for all sufficiently large N-agent game models. Indeed, this is the
statement of the next theorem.

But before, let us define the following constants:

_ (3K1 | KiKp o BK1Qup\ Ki . BK1QLip
C1-—<2 + 5 >,02~—<L1+ 5 1_01703-— L1+72 .

Note that by Assumption 2, the constant C is strictly less than 1.

Theorem 11 Let w. be an e-mean-field equilibrium policy for the mean-field equilibrium
(Tsy pix) € g xP(X) given by the unique fixed point of the MFE operator H. Letny € A(m;).
Then, for any 6 > 0, there exists a positive integer N(6) such that, for each N > N(0), the

N-tuple of policies #™N) = {m_ 7., ..., m.} is a (6 + 7€)-Nash equilibrium for the game with
2Cs 4+ C}y
N agents, where T == -5

Proof By an abuse of notation, we denote the deterministic mappings from X to A that
induce policies 7, and 7. as m, and 7. as well, respectively. Note that in view of (16), one
can prove that

(@) — (0] < fifdx«c,y). (20)

Let pu. € A(mz). Then, we have

e = palli =

Y

> p(ylw, me(@), pe) pe(@) =Y plyle, m(®), o) ()

x T
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p(ylz, 7o (@), pe) pe(x) = > plyla, me(@), ) pe ()

xT

plyle, (@), ) pe(@) = D plylw, me(@), o) s ()

T

< Z Il () ) — ol ) )y () + 8 ( T K) e — ol

K1 Krp
S (1458 e = gl
P

<K <supu7r5<:c> @)+ e — u*nl)
X

3K, Ki Kr || ||
9 2 He — Hx||1

< K1 €+ <
Note that (20) and Assumption 1 lead to

p( 12, (), p12) — ol ) i) 1 < K (1 T [;) dx(2.y).

Hence, (I) follows from Lemma 32. Therefore, we have

K1€
1-Cy

H/Ls ,U*Hl <

Now, fix any policy m € II;. For any state-measure p, it is a well-known fact in MDP
theory that the value function J,(7,-) of 7 satisfies the following fixed point equation:

Jﬂ(ﬂ-v '75) = C(.%,?T(J}),/L) + BZ Ju(ﬂ',y)p(y\x,ﬂ(x),u),

for every x € X. Therefore, we have
[T (705 +) = T (7)o

= Slip c(x’ﬂ($)7ﬂ*) + B Z J, *(7?7?/)P(y\33777($)aﬂ*)
Y

— (@, m(@), 1) = B ) T (m,y) plyle, m(@), e

)
< Loy || — prelly + Bsup | Y Ty, (m,y) plylz, w (@ ZJ (m,y) plyle, m(x), pe)
Ty
+Bsup | > . (m,y) plyla, w(x ZJ () plyle, 7 (@), pe)
LY

(I1) .
< (Ll_’_BKIQLlp

25 ) e = el + B (7, = (72

Ki1Q1; K
< (b4 2 ) B B, (7, = e
— U1
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Here (II) follows from (11) and the fact that J,, (m,-) is Qrip-Lipschitz continuous, which
can be proved as in Lemma 4. Therefore, we obtain

CQE

-t (21)

[T (705 +) = e ()0 <

Similarly, we also have

HJ *(7[-*7 ) - JM*(T‘-&:? )HOO = Slip C(xaﬂ*(x)7ﬂ*) + B Z J, *(ﬂ*,y)p(y|x,7r*(x),u*)

- C(wie(x)vﬂ*) - ﬁ Z ‘]M* (ﬂ-sa y) p(y|x,7r5(x),,u*)
Y

< Ly sup [|ms(z) — me(2)|| + Bsup
T xX

D T (e y) Pyl me(@), i)
Yy

N Z . (7, y) p(Yl2, 7o (), 1)
Yy

D (mesy) plyla, me(@), o)

+ Bsup
X
Y

- Z J *(71'5, y) p(y|$7 71'5(1‘), ,u*)

(111) K10
Z <L1+-ﬁ1thp)supuw*@»-—wawﬂu

2
+ ﬁ”‘] *(77*7 ) - JM* (7757 )”OO
BK1QLip

< (214 PR ot Bl ) = (e

Here (III) follows from (11) and the fact that J,, (7, -) is Qrip-Lipschitz continuous, which
can be proved as in Lemma 4. Therefore, we obtain

036
[y () = Ty (e )lloo < 5 5 (22)
where C3 := <L1 + % )
Note that we must prove that
Ji(N) (7)) < inf JZ»(N) (ﬂ(_]\i]),ﬂ'i) +7e+0 (23)

miell;

for each ¢ = 1,..., N, when N is sufficiently large. As the transition probabilities and the
one-stage cost functions are the same for all agents, it is sufficient to prove (23) for Agent 1
only. Given § > 0, for each N > 1, let #™) € II; be a deterministic policy such that

(V) J

TGN r L m) < W’iglfll TN w4 >
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On the other hand, by (Saldi et al., 2018, Theorem 4.10)

NhglooJfN)(ﬁ(N%wg,...,m) = lim J, (7"
> Jlim J GO = 25 (by (20)
> nt J() - {25
— () = 125
> (1) - 125 - 25 (b (22)
> Ju(m) ~ 1225 = 25 (by (21)
= Jy.(me) —Te.
Note that by (Saldi et al., 2018, Theorem 4.10), we also have
lim TN (e me, . me) = T (7).
Hence, there exists N(J) such that for all N > N(4), we have
Jl(N)(ﬁ'(N),T('E, ceyTe) + g > Jy(me) —Te
Jy (me) + g > Jl(N)(ﬂ'E,TFE, Cey ).
Therefore, for all N > N(§), we obtain
inf T () b6+ 7e > IVGEN )+ 2 e
o, A e 2 B0 ) 4 5
> Juume) + 3

> JI(N)(WE,WE, cey ).

Theorem 11 implies that, by learning e-mean-field equilibrium policy in the infinite-
population limit, one can obtain an approximate Nash equilibrium for the finite-agent
game problem for which computing or learning the exact Nash equilibrium is in general
prohibitive.

In the next section, we approximate the MFE operator H introduced in Section 3 via
the random operator H to develop an algorithm for learning a e-mean-field equilibrium
policy in the model-free setting.
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5. Learning Algorithm for Discounted-cost

In this section, we develop an offline learning algorithm to learn an approximate mean-field
equilibrium policy. To this end, we suppose that a generic agent has access to a simulator,
which generates a new state y ~ p(-|z,a, 1) and gives the cost ¢(x, a, u) for any given state
x, action a, and state measure p. This is a typical assumption in offline reinforcement
learning algorithms.

Each iteration of our learning algorithm has two stages. Using a fitted @Q-iteration
algorithm, we learn the optimal @Q-function @}, for a given state-measure p in the first

stage by replacing H; with a random operator Hy. The Q-functions are selected from
a fixed function class F which can be defined as a collection of neural networks with a
specific architecture or a linear span of a finite number of basis functions. There will be an
additional representation error in the learning algorithm depending on this choice, which is
generally negligible since @)-functions in C can be well approximated by functions from F.

In the second stage, we update the state-measure by approximating the transition prob-
ability via its empirical estimate by replacing Hy with a random operator Hy. Tt should
be noted that if the alternative Hs operator mentioned in Remark 5 is used, the random
operator that approximates this alternative Hy operator would be more complicated than
Hs. Indeed, in this case, an empirical estimation of the transition probability might be
insufficient.

We proceed by introducing the random operator Hi. To describe Hy, we need to give
some definitions. Let ma(+) := m(:)/m(A) be the uniform probability measure on A. Let us
choose a probability measure v on X such that min, v(x) > 0. For instance, one can choose
v as the uniform distribution over X. Define (y := 1/4/min, v(x). We also choose some
policy m, such that, for any = € X, the distribution m(:|x) on A has density with respect
to Lebesgue measure m. To simplify the notation, we denote this density by m,(alz), and
assume that it satisfies 7o := inf(, 4)exxa mo(alz) > 0. Note that the randomized policy
is used to generate data for the learning algorithm below. In general, given any mean-field
term, it is enough to consider deterministic policies for optimality. However, as is typical
in reinforcement learning, we employ randomized policies to explore the action space in the
training stage. Because of this, 7, is introduced in a stochastic manner. We can now define
the random operator H.
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Algorithm 1 Algorithm H;
Input u, Data size N, Number of iterations L
Generate i.i.d. samples {(2, ar, cr, yr11)R-1 } using

Ty~ V, ag ~ Wb('\&“t), Ct = C(xt7ataﬂ)7 Yt4+1 ~ p("@’tvatvﬂ)

Start with Qo =0
for | =0,...,L —1do

N

Qe = gmin 0

=1

2

‘f Ty, ap) — |:Ct+5manl(yt+la )]

) T at\:ct

end for
return @,

Remark 12 Notice that in Algorithm Hy, we use the distribution v and policy my to build an
1.1.d. dataset. In fact, instead of using i.i.d. samples, one can use a sample path {xt,at}i\il
generated by the policy m, instead of using i.i.d. samples by setting ¢y = c(xy, ar, ) and
Yi+1 = Ti+1- LThen, in order to establish the error analysis, we have to assume that under
Ty, the state process {x} must be strictly stationary and exponentially B-mizing (see Antos
et al. (2007a)). The main issue in this case, however, is finding a policy m, that meets
the mizing condition. Indeed, since exponentially B-mizing stationary processes forget their
history exponentially fast, they behave like i.i.d. processes when there is a sufficiently large
time gap between two samples. As a result, the error analysis of the exponential 5-mixing
case is very close to that of the i.i.d. case. For more information on the error analysis of
Hy in the exponentially B-mixing case, see Antos et al. (2007b,a).

We perform an error analysis of the algorithm H, before defining the second stage H,.
To that end, we define the ls-norm of any g : X x A — R as

lgll? = Z/ £, 0) ma(da) v(z),

zeX
and introduce the constants
E(F) = sup sup inf_ 1Q" — H,Ql|, (24)
pEP(X) QeF Q'EF
and
L2 9
Ly = (1 m=+cCm, C=—2X— ~=512C".
(1+8)Qm +c mA) !

Here E(F) describes the representation error of the function class F. This error is
generally small since every ) function in C can be very well approximated using, for example,
neural networks with a fixed architecture. As a result, we may consider the error caused

24



LEARNING MFGS WITH DISCOUNTED AND AVERAGE COSTS

by E(F) to be negligible. The error analysis of the algorithm H; is given by the following
theorem. We define Fin = {Qmin : @ € F} and let

64¢QmLm (1 + 8) ) ">V min
m(A)mo >

, V=Vr+Vr

min *

T =8¢ (Vr 1) (Vi +)
Theorem 13 For any (,9) € (0,1)? and N > my(e, 6, L), with probability at least 1 — &
we have

|,z - I <=+ a,

if % Qm < §, where

‘ 7(2A)4(dimA +1) T(QA)QV(dimA +1)L
mi(e, 0, L) = ~A(dima +1) In 522V (dima 1) ;
and
1 1
1 [m(A)(dima +1)!¢o } dimp +1 1 {m(A)(dimA +1)!g‘0} dimp +1
A= - E(F , A= - .
=5 | al2/Qupym ) 1= 8 | a(2/Qup)™

The constant error A is due to the algorithm’s representation error E(F), which is
generally negligible.

Proof For any real-valued function Q(x,a), recall the definition
QI =Y [ Q.o ma(da) (a).
zeX

Let Q; be the random Q-function at the I*"-step of the algorithm. First, we find an upper
bound to the following probability

Py =P (|Qus1 — HuQill2 > E(F)* +¢'),
for a given ¢’ > 0. To that end, we define

2

i} Z ) at‘xt ‘f Ty, at) — |:Ct+5man(yt+17 )]

t:l

The normalization with 7, (a¢|x¢) is used here to avoid assigning more weight to the actions
that are preferred by the policy, and m(A) is introduced for mathematical convenience.
One can show that (see (Antos et al., 2007b, Lemma 4.1))

E|Ln(f:Q)] = If = HuQIE + L*(Q) = L(f; Q),

where L*(Q) is some quantity independent of f. Since we need a similar equation for the
average-cost, let us prove it in detail so that we can refer to this proof in the future. Indeed,
foreacht=1,..., N, define

Q¢ = c; + Smin Q(ye11,0a').
a’eA
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Then,
E [Qt ‘ wtyat} = HMQ(xtaat)-

Note that we can write

E

Tt, At

=E [(f(xt, ar) — Qt>2

Tt, at:|

2
<f(xt7 at) — [Ct + Bmin Q(y41, a/)] >
a’eA

=E [(Qt - HMQ(%, at)>2

o, } + (Flan ar) — HyQ(ae, ar)?

Dividing each term by m(A) my(a¢|z:), taking the expectation of both sides with respect to
a and x, and using the law of iterated expectation we get

. [(f(xh ar) = [ei + Bmingea Q(yt+1,a’)])2]

m(A) my(ar|xe)

B — (Qt - HMQ(«TtyCLt)) _ (f(xe,a0) — H,Q(x1, a1))°

- m(A) my(at|zt) * :ctze:X/A m(A) (g 1) mp(ar|ze) m(dar) v(z)
B - (Qt — H,Q(zy, at)) ] ;

=B m(A) mp(ar|xy) + ztze:x/A (f(x¢, ar) — HyQ(wy, a))” maldar) v(xy)

= L*(Q) + ||f — H.Q|? = L(f; Q).

Since the samples are i.i.d., this establishes the fact.
Using above discussion, we can obtain the following bound

1Qur1 — HuQull2 — E(F)? < [|Que1 — HuQullZ — J}ngT If — HuQull?
= L(Qi41; Q1) — }QfTL(ﬁ Q)
= L(Qu+1; Q1) — Ln(Quy13 Q1) + L (Quy1; Q1) — }Q;L(f; Q1)
= L(Qu1: Q) = L (Quin; Qo) + inf Lv(f3 Q) = inf L(f: Q1)

< 2sup [L(£; Q1) - In(f; Q)

fer
<2 sw |L(f;Q) - Ln(f5Q)]
fLQeF
This implies that
- e
P<P ( sup |L(£:Q) — Ln(£5Q)] > 2) . (25)
f,QeF
For any f,Q € F, we define
1 2
—_ - o . : !/
lny(.CC,a,C, y) = m(A)m,(a]a:) f(l',(l) c ﬁglelr/iQ(y,a)
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Let Lr = {l;q: f,Q € F}. Note that {2} | = {(z4,ar, ct,y41)}; are i.i.d. and

N
3 lr(en) = L(:Q) and Bl o(=1)] = L(F: Q).
t=1

2

( )ﬂo = C.

Recall the constant Ly, == (1 4 8)@Qm + c¢m- One can prove that 0 < Iy <
Then, by Pollard’s Tail Inequality (Pollard, 1984, Theorem 24, p. 25), we have

¢
2
For any l¢ g and I, 7, we also have (see (Antos et al., 2007b, pp. 18))

N
1
¥ 2 lralen) ~ )| < 2 (Zm,at (e ar)
t=1 t=1
+Bi2
N:

This implies that, for any € > 0, we have

Py <P|[ sup
f7Q€‘F

N Zlm zt) = Ellyq(21)]

_ N2

<8E |:N1 <16,{zt}£\;1,[,]:>] e512C2

=

mln Q(yt+1a b) - minT(yt+1a b)‘ ) .
beA

Ny <m2(i3n7r0 (1+8) e, {ahls, ﬁf) < N (e (@, a)hile, F) N6 gt Fanin)
e (Ve +1) (26?“’) e (Vi +1) <2€?m> " (26)

where (I) follows from Lemma 31. Therefore, we have the following bound on the probability
PQZ

()

64eQmLm(1 + VAtV rmin |y
Py <8 {62 (Vr+1) (V]:mm +1) < e?n(A)ﬂ(gE’ 5)> es51202 (27)

Recall the constants

64¢Qum Len(1 + 3
m(A)WO

Vr+VE
Y =82 (Ve +1) (Ve +1) < )> WV  =Vr+Vr,., y=>51202

Then, we can write (27) as follows

7NE/2

Py =P (|Qu1— H.Ql:>EF)?+)<Te Ve =

5/
I (28)
Hence, for each [ = 0,..., L — 1, with probability at most ‘%

1Qur1 — HLQUll}, > "+ E(F)%.
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.. . . - 5
This implies that with probability at most T

Qi1 — HuQilly > Ve + E(F).
Using this, we can conclude that with probability at least 1 — §’

L—1
1QL = Hi(lloo < 32 85 [Qray — HuQilloo + | HEQo — Hi(p)lloe
=0

ankt m(A) (dima +1)¢ e
—(1+1) A 0 _
< IZ;IB |: a(2/QLip)dimA HQH—I HMQZ||V:| + 1— 5 Qm

L1 A)(di ! Tp F1 L
<y ptmh {mié( éi/:);zco (Ve + E(f))] + —15_ 5Qm
=0

< 1 [m(A)(dlmA fl)!CO E(}")} dimp 1 n [m(A)(dlmA —1—.1)!C0} TATT g
1- B a(2/QLip)dlmA O‘(Q/QLip)dlmA
BL
=5 Qm
where (II) follows from Lemma 29. Then, with probability at least 1 — §’, we have
[ — 51’
1Q1 = Hi()lloo < AFEATT 4+ A+ 17— Q. (20)

2

—Ne 1
The result follows by picking § = ¢’ :== LY e’V e 7  in (28), choosing A& @A = £/2,
and % Qm =¢/2. [ |

Remark 14 We use the || - ||,-norm on Q-functions until a certain stage in the proof
of Theorem 15, and then we use Lemma 29 to go back to the || - ||so-norm. Notice that
Assumption 1-(c) on A is needed to accomplish this because the operator Hy becomes a (-
contraction only in terms of the || - || so-norm. However, without switching from || - ||,-norm
to || - ||eo-norm, a similar error analysis in terms of || - ||,-norm can be formed by replacing
Assumption 1-(c) with a concentrability assumption (see Munos and Szepesvdri (2008);
Agarwal et al. (2019)). To that end, let us define the state-action visitation probability of
any policy 7 as

d"(z,da) == (1—B) > P™(x(t) = z,a(t) € da).
t=0

The concentrability assumption states that the state-action visitation probability d™ is ab-
solutely continuous with respect to v(z) ® ma(da) for any w € 11, and the corresponding
densities are uniformly bounded, i.e.,

T
sup
mell

<C,

o0

VX ma
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for some C. Under this assumption, the final part of Theorem 15 can be handled with the

| - ||lo-norm instead of the || - ||co-norm using performance difference lemma (Agarwal et al.,
2019, Theorem 15.4). Howewver, it is not possible to establish the overall error analysis of the
learning algorithm using the || - ||,-norm on Q-functions under the same set of assumptions

on the system components without strengthening Assumption 1-(d).

We now give the description of the random operator I:IQ, and then, do the error analysis.
In this algorithm, the goal is to replace the operator Ho, which gives the next state-measure,
with Hy. We achieve this by simulating the transition probability p(:|z,a, y) for certain
state-measure p and policy m. This is possible since |X] is finite.

Algorithm 2 Algorithm Ho
Inputs (u, @), Data size M, Number of iterations |X|
for x € X do
generate i.i.d. samples {y¥}M, using

y; ~ p(lz, fo(z), 1)
and define
| M
pu(lz, foz). 1) = 57 > 6y ().

end for
return ) py(-|z, fo(z), 1) p(x)

This is the error analysis of the random operator H,.

Theorem 15 For any (,9) € (0,1)2, with probability at least 1 — &

| BelM)(00, Q) — Ha(n, Q)| <=

X|? 2[X]?
ma(e, d) = |€2’ In <’5‘> .

Proof By Hoeffding Inequality (Hajek and Raginsky, 2019, Theorem 2.1), for any z,y € X,
we have

if M > mgy(e,d), where

e —Me?2

P <PM(y|x,fQ(x)7u) —p(ylz, fo(x), w)| > p<> < 2e X,

Hence, we have

P (| ()01, @) — Ha(. Q)| <)

>P D Ipuyle, fo(x),n) —plyle, fo(x), n)| plx) <e
z,yeX
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21—P<iuyex&th@WJb@%W‘p@mJ@@%mw>&V)

—Me2

>1—2|X[2e X,

—Me2

The result follows by picking § = 2|X|?e X? . [ |

The overall description of the learning algorithm is given below. In this algorithm, to
achieve an approximate mean-field equilibrium policy, we successively apply the random
operator H which replaces the MFE operator H.

Algorithm 3 Learning Algorithm
Input ji9, Number of iterations K, Parameters of H; and Hy ({[Nk, Lk]}f:_ol, {Mk}fz_ol>

Start with g
for k=0,..., K—1do
k1 = H ([N, Li], My) (pr) = Ho[Mj] (Mk,HﬂNk,Lk](M))
end for
return ug

The current state-measure py is the input for each iteration £k = 0,..., K — 1. In ad-
dition, for the random operator ﬁl, we choose integers N and L; as the data size and
the number of iterations, respectively, and for the random operator I;TQ, we choose an
integer M}, as the data size. We first compute an approximate Q-function for ux by apply-
ing Hy [Nk, L] (1), and then we compute an approximate next state-measure by applying
Ho[My)(pr, Hi [Ny, Li) (111,)). Since an approximate @Q-function is used instead of the exact
@-function in the second stage of the iteration, there will be an error due to Hj in addition
to the error resulting from Ho.

The error analyses of the algorithms H; and H, have been completed in Theorem 13
and Theorem 15, respectively. The error analysis for the learning algorithm for the random
operator H, which is a combination of H; and Ho, is given below. We state the key result
of this section as a corollary after the proof of the following theorem.

Theorem 16 Fix any (¢,6) € (0,1)2. Define

p(l—KH)2€2 (1—KH)€
gli=————5—, 9= —
64(K1)? 4
Let K, L be such that
K L
W)~ e B g,<2
1-Kyg — 2 1-p 2

Then, pick N, M such that

1) ]
N Z ma <€1, M,L) N M Z meo (52,2},(> . (30)
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Let pg be the output of the learning algorithm with parameters

<H05}(>{UV;IJ}?;O’{A4}£;§>'
Then, with probability at least 1 —§

< 2Kva
VS0 = Ka)

where [y is the state-measure in mean-field equilibrium given by the MFE operator H.

ek — s +¢,

Proof Note that for any u € P(X), Q € F, Q € C, we have

1Hs (11, Q) — Ha(p, @)l = DD p(yla, fo(x )= > p(ylz, fo(@), 1) p(x)
yeX lzeX zeX
<Y e, fo(@), m) = p(-l2, fa(@), w)lh p(z)
zeX
<Y Killfq(@) = fo (@) u(x). (31)
zeX

For all z € X, note that the mapping fg(x) is the minimizer of Q(z, -) and the mapping
fQ(x) is the unique minimizer of Q(z, -) by strong convexity. Let us set a = fQ(:v) and

r= fo(x) — fQ(x). As a is the unique minimizer of a strongly convex function Q(z, - ), by
first-order optimality condition, we have

VQ(z,a)-r>0.
Hence, by strong convexity
Qa.a+r) = Qlw,a) = VQ(x,a) -7+ L
> el (32)

For all € X, this leads to

2 /. )
Ifa(e) ~ f@)IP < 5 (@ fale) = Qe fo(e)))
== (QG fo@) ~ Qe fo(w) + Qe fols)) ~ Q. fo(a)
2 (4 . A
—2 (@ fola) = Qo o) + mip Q(o.a) - min Qo) )
<210 - Q. (3)

Hence, combining (31) and (33) yields

umw@>fuu@m<f§vW Qlloo- (34)
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Using (34) and the fact that Hy(uz) € C and Hi[N, L](u,) € F, for any k =0,..., K — 1,
we have

|H () — H(IN, L], M) () 1 < | Ho (e, Hy(pi)) — Hao (g, H1IN, L) (1)) |12
+ | Ha(p, Hi [N, L) () — Ho[M](ptse, Hi[N, L] (p11:)) 1

iﬁmmM — FL [N, (1) oo

+ | Ho (g, Hi [N, L) (1)) — Ha[M] (e, Hi [N, L] (1)) |1

The last term is upper bounded by

2K1\/€1 +A
————— +F¢
NG

with probability at least 1 — % by Theorem 13 and Theorem 15. Therefore, with probability
at least 1 — ¢

2

K-1
K—(k+1)
e = el < > K S AN, L), M) i) — H () 11+ [ (0) — oo
k=0
K-1
K—(k+1) [ 2K1ver + A (Km)®
<N Kh T ta
k=0 VP H
2KV A
VPl = Kp)
This completes the proof. |

Now, we state the main result of this section. It basically states that, by using the learn-
ing algorithm, one can learn an approximate mean-field equilibrium policy. By Theorem 11,
this gives an approximate Nash-equilibrium for the finite-agent game.

Corollary 17 Fiz any (¢,6) € (0,1)2. Suppose that K, L, N, M satisfy the conditions in
Theorem 16. Let pux be the output of the learning algorithm with parameters

(10, B ATV ZIH, DMH)

Define ng(x) = arg mingcp Qk (z, a), where Qi = Hy ([N, L])(ux). Then, with probability
at least 1 — §(1 + ﬁ), the policy T is a k(e, A)-mean-field equilibrium policy, where

|4 (P21 - Kp)?e? 2K VA
k(e,A) = p( 64(K,)? +A+ Kp, <M+€>>

Therefore, by Theorem 11, an N-tuple of policies 7N) = {my myc, ..., 7k} is an Th(, A) +
o-Nash equilibrium for the game with N > N (o) agents.
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Proof By Theorem 13 and Theorem 16, with probability at least 1 — (1 + 5k), we have

1Qrx — Hi(ptx)|loo < |Qx — Hi(pix)lloo + 1H1(1rc) — Hi(ps) || o
<e1+ A+ Ku, |lpx — pslh
2K VA >
) + ¢

SQ+A+K%<W@—KH

p(l—KH)2E2 2K1\/A
=— - — 4+ A+ K _ .
64(K )2 + A+ KH Vo — Kn) +e
Let mg(x) = argmin,cp Q@ (z,a). Using the same analysis that leads to (33), we can

obtain the following bound since Qi € F and H;(u.) € C:

4
sup [|mx () — me(@) > < = |Qr — Hi(pe) |l oo-
zeX P

Hence, with probability at least 1 — 0(1 + ﬁ), the policy 7k is a k(e, A)-mean-field equi-
librium, where

oo, A) = 4(MLJ@P¥+A+mﬁ<2KNZ)+%)

p 64(K1)?

This completes the proof. |

Remark 18 Note that, in Corollary 17, there is a constant A, which depends on the rep-
resentation error E(F). In general, E(F) is very small since any @Q function in C can be
approximated quite well by functions in F. Therefore, A is negligible. In this case, we have
the following error bound:

B 4 p(l—KH)2€2
“&”—¢p<mmmz+Km9'

which goes to zero as € — 0.

6. Mean-field Equilibrium Operator for Average-cost

In this section, we introduce the corresponding MFE operator for average-cost mean-field
games. For the purpose of keeping the notation similar to the discounted-cost case while
making the distinctions more apparent, we use the ‘av’ superscript to denote the related
quantities in the average-cost setting. For instance, to denote the average-cost of any policy
7 with initial state x under state-measure p, we use J;"(7, x) instead of J,, (7, ). Now, let
us state the extra conditions imposed for the average-cost in addition to Assumption 1.

Assumption 3
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(a) There exists a sub-probability measure X\ on X such that

p(-|z,a, 1) 2 A(+)
for all x,a, .

L
(b) Let % =1 — A(X) and Q{}, = 1—7%1/2 > 0. We assume that

3K () Ky | FRrGl,
2 p p(1—pv) =

Note that Assumption 3-(a) is the so-called ‘minorization’ condition. Minorization con-
dition was used in the literature for studying the geometric ergodicity of Markov chains
(see (Hernandez-Lerma, 1989, Section 3.3)). The minorization condition is true when the
transition probability satisfies conditions RO, R1(a) and R1(b) in Herndndez-Lerma et al.
(1991) (see also (Hernéandez-Lerma et al., 1991, Remark 3.3) and references therein for fur-
ther conditions). In general, this condition is restrictive for unbounded state spaces, but
it is quite general for compact or finite state spaces. Indeed, the minorization condition
was used to study average-cost mean-field games with a compact state space in (Wiecek,
2019, Assumption A.3). Note that Assumption 3-(b) is used to ensure that MFE operator
is contraction, which is crucial to establish the error analysis of the learning algorithm, and
so, cannot be relaxed.

Recall that for the average-cost, given any state-measure f, the value function J5" of
policy 7 with initial state = is given by

1 T—1
JY (m, ) = limsup TEW [Z c(x(t),a(t), n)

T—o00 =0

2(0) = x]

Then, the optimal value function is defined as

Jp M (x) = ;Iellf:[ Ji¥ (7, z).

Under Assumption 1 and Assumption 3, it can be proved that
Jsv,*(x) _ JSV,*(y) —. sz,*

for all z,y € X, for some constant J;"*; that is, the optimal value function does not depend

on the initial state. Furthermore, let h;(x) be the unique fixed point of the S-contraction

operator 13" with respect to |[| - [|oc-norm:

B o) = i el + 30 ol o) | = T2 o),
yexX
where

Q("xﬂanu) :p('\l’aavﬂ)—)\(‘)‘
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Then, the pair ( A7, y) AM(y) ) satisfies the average-cost optimality equation (ACOE):
Wy LayeX #

x)—i—Zh;(y))\( mm{ c(x,a,p —i—Zh* p(ylz,a u)}

yeX yeX

Therefore, J;,"" = > yex M (y) A(y). Additionally, if f* : X — A attains the minimum in
the ACOE, that is,

mip |e(o,a,) + 3 A0 ool )| = clo ). ) + 3 K Pl £ (o) (35)

yeX yeX

for all x € X, then the policy 7*(a|z) = 4« (a) € Iy is optimal for any initial distribu-
tion. We refer the reader to (Herndndez-Lerma, 1989, Chapter 3) for basics of average-cost
Markov decision processes, where these classical results can be found.

We can also obtain a similar characterization by using a Q-function instead of hj,.
Indeed, we define the @-function as

Q¥ (,0) = e(w,a, 1) + 3 W(y) alyler, a. ).
yeX

Note that Q0" (x) = mingea Q" (2, a) = hj;(z) for all € X, and so, we have
Qi (w,a) = cw,a, p) + > Qe (v) a(yle, a, p) = HY Q3" (w,a),
yeX

where HJ¥ is the corresponding operator on @-functions. Hence, the policy m™*(alz) =
O +(z)(a) € Iy is optimal for yu and for any initial distribution, if @} *(x, fH () = Q) min ()
for all z € X. One can prove that H" is a || - [|c-contraction with modulus 8%, and so,
the unique fixed point of H}" is Qp"". Indeed, let Q and Q be two different Q)-functions.
Then, we have

”HEVQ_HEVQHOO = sup Z|Qmm len( )|Q(y‘$7avu)

(z,a)eXXA yex

S HQmin - Qmin”oo sup Q(X‘x7a7:u’)
(z,a)EXXA

= 0™ || Qumin — Qi
- min min |[0O

Hence, using the Banach fixed point theorem, we can develop a Q-iteration algorithm
to compute Qj"*, the minimum of which gives the optimal policy. The benefit of this
algorithm, as in the discounted case, is that it can be adapted to a model-free setting via
Q-learning.

Using (11), we now prove the following result.

Lemma 19 For any u, szmm 18 Q -Lipschitz continuous; that is,

|Qimin (%) = Qi (W) < QF, dx (2, ).
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Proof The proof is exactly the same with the proof of Lemma 4. The only difference is
the absence of the discount factor . |

Before we define MFE operator, let us describe the set of possible Q-functions. This set
C* is the set of all Q-functions @ : X x A — R such that ||Q|c < Q% = cm/(1 — BY),
Q(z,-) is Qf},-Lipschitz and p-strongly convex for all z, and the gradient VQ(z,a) of Q
with respect to a satisfies the bound

sup ||VQ(IL‘,(Z) - VQ(CZ‘,(Z)H < KFa \V/IE,i‘
a€A

Now, we can define the MFE operator H?'. The operator H*' is very similar to H; that is,
it is a composition of two operators, where the first operator HY : P(X) — C*' is defined
as H(u) = Q)" (the unique fixed point of the operator H ;). The second operator
H3 : P(X) x C* — P(X) is defined as

H3 (11, Q) () =Y p(-|z, fo(x), u) pla),

zeX

where fg(x) := argmin,cp Q(z,a) is the unique minimizer by p-strong convexity of @, for
any () € C*. Note that we indeed have H3Y = Hs, where H> is the operator that computes
the new state-measure in discounted-cost. However, to be consistent with the notation used
in this section, we keep H3V as it is. Using these operators, let us define the MFE operator
as a composition:

H™ : P(X) 3 > HE” (1, HE (1)) € P(X).

Our goal is to establish that H® is contraction. Using (11) and Lemma 19, we can first
prove that Hi is Lipschitz continuous.

av
Lemma 20 The mapping H}Y is KHi“’ -Lipschitz, where KH'iw = 1714;“.

Proof The proof can be done as in the proof of Lemma 6 by making appropriate modifi-
cations. Note that since HV(u) = Qj,"" is the fixed point of the contraction operator HY,

where H}Y is given by

HYQ(x,0) = c(z,a, 1) + Y Quin(y) q(ylz, a, 1),
yeX

by Assumption 1-(a),(b),(d), H;}¥ maps any continuous @ : X x A — R into C*'. Hence,
the fixed point Q)" of H 5 must be in C* (see the proof of Lemma 6). Therefore, H o s
well-defined.

Let us now prove that H{" is Kpav-Lipschitz. For any u, i € P(X), we have

[HTY (1) = H™ ()] oo

c(w,a,p) + Y _Qnima W)a(ylz, a, i) — c(w,a, f) = > Q5 (v)alyle, a, )
)

= Sup
x,a
Yy
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< Ly || — fafx

ZQZVI:IH y‘.’IJ a :u ZQZVI;;H y]x a, /,L

ZQZVJIH q(ylz, a, 1) ZQf;anm q(ylz, a, 1)

< L1 e = flly + QT Ku/2 |p — Al + 8™ QR — Q5

where the last inequality follows from (11), Lemma 19, and the fact ¢(X|z,a,u) = g2V for
all z,a, u. [ |

Now, using Lemma 20, we can prove that H?V is contraction.

Proposition 21 The mapping H* is a contraction with contraction modulus K gav, where

3K K K1 KpKppav
Ky ::1<1+F>+1FHl_
2 P p

Proof The proof is exactly the same with the proof of Proposition 7. The only difference
is the following: we should replace Ky, in (16) with K. |

Now, we know that H?" is a contraction mapping under Assumption 1 and Assumption 3.
Therefore, by Banach fixed point theorem, H*" has a unique fixed point 2. Let

= HP ) and 22 () = by ().
Hx

Then, the pair (72, u2) is a mean-field equilibrium since (2" Z\év*) satisfy the following
equations
() =D p(lw,a, p) 7 (al) g (), (36)
zeX
QZQV (SC, CL) - C T, a, M* + Z Qz\iv*mm (y\x, a, Miv)‘ (37)
yeX

Here, (37) implies that 72" € U(u2") since

fQZX’v* () = argmin Q) *(z,a)
for every x € X, and (36) implies 2 € A(72¥). Hence, (72", u2V) is a mean-field equilib-
rium. Therefore, since H?' is a contraction, we can compute this mean-field equilibrium by
applying H?' recursively starting from arbitrary state-measure.

Note that if the transition probability p, the one-stage cost function ¢, and the minorizing
sub-probability measure A\ are not available to the decision maker, we need to replace H*
with a random operator and establish a learning algorithm via this random operator. To
prove the convergence of this learning algorithm, the contraction property of H*' is crucial,
similar to the discounted-case.
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7. Finite-Agent Game for Average-cost

The finite-agent game model for average-cost is exactly the same with the model introduced
in Section 4 for the discounted-cost case. The only difference is the cost function. Here,
under an N-tuple of policies w¥) = (mh ... Y ), for Agent i, the average-cost is given by

T—1
av,(N) (_(N)\ _ 1: | —y) N N (N)
J; (7)) = lim sup TE [Z clx; (t),a; (t),e, )]

7
T—o0 —0

Using this, we define Nash equilibrium and §-Nash equilibrium similarly.

Definition 22 An N-tuple of policies V¥ — (el ... ,7rN*) constitutes a Nash equilib-
rium if

mtell;

for eachi=1,...,N. An N-tuple of policies wN*) = (7', ..., 7N*) constitutes an 5-Nash
equilibrium 4f

TN (V) < inf TN (@0 iy 45
wtell;

for eachi=1,...,N.

As in the discounted-cost case, if the number of agents is large enough in the finite-
agent setting, one can obtain d-Nash equilibrium by considering the infinite-population
limit N — oo of the game (i.e., mean-field game). Then, it is possible to prove that if each
agent in the finite-agent N game problem adopts the policy in mean-field equilibrium, the
resulting NN-tuple of policies will be an approximate Nash equilibrium for all sufficiently
large N. This was indeed proved in Wiecek (2019); Saldi (2020). In the below theorem, we
prove that if each agent in the finite-agent game model adopts the e-mean-field equilibrium
policy (instead of exact mean-field equilibrium policy), the resulting policy will still be an
approximate Nash equilibrium for all sufficiently large N-agent game models.

Before we state the theorem, let us define the following constants:

2Cm
AX)’

Ki KK 2 (K1)?
wa:_<3 Ly =L em(B)” e

2 2 )’02 T oA

Note that by Assumption 3, the constant C{V is strictly less than 1.

Theorem 23 Let w. be an e-mean-field equilibrium policy for the mean-field equilibrium
(s, px) € g x P(X) given by the unique fized point of the MFE operator H®. Let ny €
A(me). Then, for any § > 0, there exists a positive integer N(0) such that, for each N >
N(6), the N-tuple of policies #™) = {n_, 7., ..., m.} is a (6 + 7 ¢)-Nash equilibrium for
the game with N agents, where 7 = 205" + C§".
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Proof By an abuse of notation, we denote the deterministic mappings from X to A that
induce policies 7, and 7. as 7, and 7. as well, respectively. As in the proof of Theorem 11,
one can prove that

KlE

Kp
* — x S 7d ) d £ — Y
[ (@) — me (W)l ; x(z,y) and lpe = pfli < 7= T—ow

where p. € A(m;) and C% = (351 + Kéiff”) Note that by Assumption 3, C%V < 1

For any policy m € II; and state measure p, Assumption 3-(a) (i.e., minorization con-
dition) implies that there exists a unique invariant measure v, € P(X) of the transition
probability Py ,(-|x) =), p(-|z,m(x), n) such that for any initial state x € X, we have

Ji (mx) = Z c(z,m(x), 1) vr u(z),

T

where the last identity follows from ergodic theorem (Hernédndez-Lerma, 1989, Lemma 3.3).
Therefore, the value of any policy m under 1 does not depend on the initial state. Let us
define

J(myx) = JV (m,y) = J7V(w), forallz,y € X.

Now, fix any policy 7 € II;. Then, we have

[T () = i ()] = | Y el m(@), ) Ve, (2) = D e, m(2), pe) v ()

x x

S Cm ||V7T“U«* - Vﬂ’)uEHl'

Hence, to bound |J3¥(m) — Ji¥(m)|, it is sufficient to bound |[vx ., — vz p.[l1. Note that
invariant measures vy ,, and v, satisfy the following fixed point equations

Vfr,u* : ZP |z, ( N*)Vﬂu*( )
Vi e ( Zp |, m(2), pe) Vr o ().

Hence, we have

e — Vel = Z
=22
+Z

S22

(ylz, m(x), px) Vﬂu* Zp ylz, 7 ( Ns)Vﬂ,ua( )

/’L* V’TI',,U* Zp y‘x 7T ILI/*) l/ﬂ—nu‘E( )

Zp (ylz, 7(x), 1« uns ZP (ylz, (), pe) Vﬂ',ﬂa( )

(vl m @), 1e) Vo (2) = 3 01, @), 1) Vi (2)
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+ 3 Iz w(@), ) = p(- [, 7 (), 1) 1 v ()

< Z
Note that (Herndndez-Lerma, 1989, Lemma 3.3) implies that for all x, z € X, we have

lp(- [, (@), ) = (- [2,7(2), el [ < (2 = AX)) dx (, 2)-

Then, by Lemma 32, we have

N* Vﬁ,y* ZP y‘x m(x ,U*) Vﬁ,ug( )|+ K1 H,u,e _M*”l'

2 — A(X)
212 D) Ve ) = 3 plole, ) ) Ve ()| € T W — vl
Since 1 — A(X)/2 < 1, the last inequality gives the following
|| < 20k e —
v * -V sle 1> /"L M* 1
Uy Y2 )\( ) €
Therefore, we obtain
2cm(K1)?
) ) < e ope (39)

(1- CPAX)"

By using a similar analysis as above, we can also obtain the following
Hyﬂ'*,ll* VT(&,M*Hl — )\ ZHF* - )Hyﬂ's M*(x)

Note that sup,, ||7«(z) — m-(x)|| < e as 7. is e-mean-field equilibrium policy. Therefore, we
obtain

2¢m
| T () — J;W(TFE)’OO < —~e=C%e. (39)
A(X)
Note that we must prove that
Jiav’(N) (™M) < inf ) (w(f\{), )+ 1V e 46 (40)

miell;

for each ¢ = 1,..., N, when N is sufficiently large. As the transition probabilities and the
one-stage cost functions are the same for all agents, it is sufficient to prove (40) for Agent 1
only. Given & > 0, for each N > 1, let #") € II; be a deterministic policy such that
v - o

Jy ’(N)(W(N),Ws,...,ﬂg) < inf J;© V(N )(7'(‘,,71'5,...,71’5) + —.
7' €lly 3
On the other hand, by (Wiecek, 2019, Lemma 8) and (Saldi et al., 2018, Theorem 4.10) we
get

av,(N) (~(N) — av (~(N)
A}gnooj (7T ey ) = ]\}gxloojug( )
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> lim J2 (7)) — 8% (by (38))

N—o00
> av _av
> nglf[ J (') = C§'e
_ Ja,V(ﬂ_*)
> Ju(me) — —C3%e (by (39))

> T (r >—2C Oge (by (38))

= Jj;’(we) —1tWVe.
Note that by (Saldi et al., 2018, Theorem 4.10), we also have

lim J;" (N )(7'(’5,7'(‘5,...,71'5) = Ju¥ ().

N—oo

Hence, there exists N(J) such that for all N > N(d), we have

v ~ g av av
Jf v(N)(W(N)’WE, ceyTe) F 3 > Jue (me) =TV e
6 av
o (me) + 3 > Ji 7(N)(7T5,’/T5, ey TEe)e
Therefore, for all N > N(§), we obtain
av, 2
inf Jj v (N )(W/,WE,...,WE)+(5+T e>Jj (N)( N) e )+£+
' elly 3
av 0
> J(me) + 3
> 7N (e mey ).

Theorem 23 implies that, by learning e-mean-field equilibrium policy in the infinite-
population limit, one can obtain an approximate Nash equilibrium for the finite-agent
game problem for which computing or learning the exact Nash equilibrium is in general
prohibitive. In the next section, we approximate the MFE operator H*' introduced in
Section 6 via random operator H» to develop an algorithm for learning e-mean-field equi-
librium policy in the model-free setting.

8. Learning Algorithm for Average-cost

In this section, we develop an offline learning algorithm to learn approximate mean-field
equilibrium policy. Similar to the discounted-cost case, we assume that a generic agent has
access to a simulator, which generates a new state y ~ p(- |z, a, 1) and gives a cost c(z, a, 1)
for any given state x, action a, and state-measure pu.

In this learning algorithm, there are two stages in each iteration. In the first stage,
we learn the @Q-function Qj”* upto a constant additive factor for a given u using fitted
Q-iteration algorithm. This stage replaces the operator H}"V with a random operator H i
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that will be described below. Note that as opposed to the discounted-cost case, here, to
construct the random operator H iV that replaces the operator H{V, we normally need an
additional simulator that generates realizations of the minorizing sub-probability measure
A in addition to the simulator for the transition probability p(-|z,a, ). However, this
simulator is in general not available to the decision maker, since a generic agent does not
know this minorizing sub-probability measure in the absence of the transition probability.
Therefore, we need to modify the approach used in the discounted-cost case appropriately
for the average-cost setup. Indeed, this is achieved by performing convergence analysis of the
random operator ﬁfw using span-seminorm instead of sup-norm on @-functions. Luckily,
convergence analysis of the learning algorithm established using sup-norm in discounted-cost
case can easily be adapted to the span-seminorm.

We select Q-functions from a fixed function class F2¥ such as the set of neural net-
works with some fixed architecture or linear span of some finite number of basis functions.
Depending on this choice, there will be an additional representation error in the learning
algorithm, which is in general negligible. Let 2 = {Qmin : Q € F*}.

In the second stage, we update the state-measure by approximating the transition prob-
ability via its empirical estimate. This stage replaces the operator H3" in the model-based
algorithm with a random operator f[;“’ Indeed, since H3V = Hs, we also have I;TQaV = ﬁg,
and so, the error analysis of PIQaV is exactly the same with the error analysis of H,.

We proceed with the definition of the random operator H®. To describe H, we
need to pick a probability measure v on X and a policy m, € II. Indeed, we can choose
v and 7, as in discounted-cost case. Recall the constants (p := 1/4/min, v(z) and m =

inf (, o)exxA mp(alr) > 0. Now, we can give the definition of the random operator ﬁf"

Algorithm 4 Algorithm H?

Input u, Data size N, Number of iterations L
Generate i.i.d. samples {(z, as,ct, ysr1)N 1} using

zp ~ v, ap ~ mp(|ze), 0 = (e, ag, 1), Yerr ~ p(-lze, at, p)

Start with Qo =0
for[=0,...,L—1do

2

N
o1 1 . ’
ot =g 3 |0~ [ iy )

end for
return @,

Note that if we used the same method as in the discounted-cost case, we should have
generated Y41 using q( - |z, a, p) == p(-|z,a, 1) — A(-) instead of p(-|z,a, p) since H2V(u)
gives the unique fixed point of the contraction operator H;" on )-functions given by

HYQ(x,0) = ez, a, 1) + Y Qmin(y) a(ylz, a, p).
Yy
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However, in general, a generic agent does not have access to a simulator for A\, and so, we
must construct the algorithm as above using the simulator for p( - |z, a, ). As a consequence
of this, we perform the error analysis of the above learning algorithm in terms of span-
seminorm instead of sup-norm. To this end, for any u, define the following operator on
Q-functions:
R Q(x,a) = c(z,a,1) + > Quin(y) p(dy|z, a, p).
yeX

The operator R} is different from H}" in this case, and it is used in the proof of the error
analysis of H iV in place of H".

To do error analysis of H iV, we need to define the following constants:
(La)?
m(A) mo

E(F)™ = sup sup _inf [Q — R} Ql,, Ly = 2Qp + cm, C* =
LEP(X) QeFav Q eF

128eQavLav\ VF VE,
T =8e2 (Vear + 1) (Veay + 1) [ ——2m—m V™ = Vrzaw + Veay | 4 = 512(C*)?2
8e (V]: + )( .me+ ) ( m(A)ﬂ'O ) ) V]'- + Faia Y 5 (C )
1 1
AP = 2 - m(A)<diI;’A —(li—‘l)!CO E(F)™ e AR = 2 _ m<A)<diIiA ‘51)!(0 A 7
1-0 a(2/QLip) 1A 1-0 O‘(Z/Qmp) HRA
where

(0,1)3 8 :=1-AX)/2> ¥ =1—-\X).
The below theorem gives the error analysis of the algorithm H,. Before stating it, let

us recall the definition of span-seminorm of any function g : E — R defined on some set E:

span(g) = sup g(e) — inf g(e).
ecE eckE

It is a seminorm because span(g) = 0 if and only if ¢ is a constant function. Moreover,

span(g) = sup g(e) — inf g(e)
ecE ecE

= supg(e) +sup —g(e)
eckE ecE
< 2|9llco-

Hence, we can upper bound span-seminorm via sup-norm.

Theorem 24 For any (£,0) € (0,1)2, with probability at least 1 — §, we have

span ([N, L)(n) = Hi¥ () < &+ A™

i 25 Qu < § and N > mi¥(e.6, L), where

m{*(e, 8, L) =

,yaV(QAav)4(dimA +1) Tav(2Aav)2Va"(dimA +1)7,
SA(dima +1) In 522V (dima +1)

Here, the constant error A® is as a result of the representation error E(F)*

rithm, which is in general negligible.

in the algo-

43



ANAHTARCI, KARIKSIZ, AND SALDI

Proof Recall the definition of || - ||,-norm on Q-functions:
QI =Y [ Q.0 ma(da) (a).
rzeX

For any p, recall also the definition of the operator on Q-functions:

R Q(x,a) = c(x,a, ) +ZQm1n p(dylz, a, ).
yexX

This is very similar to the operator H/", but it is not [*-contraction with respect to
sup-norm. Indeed, the operator R} is B—contraction with respect to span-seminorm:

span(RY Q1 — R Qa) < B span(Q1 — Qs),

where

Bi=1-XX)/2> B> =1-\X).

Indeed, for any function v : X — R, one can prove that (see (Herndandez-Lerma, 1989, proof
of Lemma 3.3 and proof of Lemma 3.5))

> o) p(yle,a,p) = > v(y) p(yla’,d!, 1) < B span(v), (41)

y y
Now let Q1 and Q2 be two @-functions. Then, for any (z,a) and (2/,d’), we have
(RZVQ _ RaVQQ)( ) _ (RaVQl _ RaVQQ)((E/ CL/)
= Z{Ql mln Qlen( )} p |£U a ,U, Z{Ql mm QQ mm( )} p(y‘$/7alvﬂ)

< B Span(Ql,min - Q2,min) (by (41))
< 3 span(Q1 — Q2).

This implies that .
span(R,’ Q1 — R Q2) < B span(Q1 — Q2),

which means that R}’ is span-seminorm fB-contraction. Moreover, H¥V(u) == Q%" is a
fixed point of R} with respect to span-seminorm; that is,

span (R, HYY (p) — Hi" () = 0.
Indeed, for all x, a, we have
R HYY (p) (@, a) — HYY (1) (@, a)

= c(x,a, p) + ZQM in Dl ay i) = ey a, 1) = > QW q(ylr, a, p)
Yy

av,x
= E qumln (i.e., constant)
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and so, span(RY H{"(u) — H{¥ (1)) = 0. Hence, H{" () is a fixed point of R} with respect
to span-seminorm. Since R} is also B-contraction with respect to span-seminorm, one can
also prove that for all L > 1, we have

span((B5")4Q — HE* () < -

L

= span(Q — ;' Q)

2L

< b ;10 - Rl
4BL av

< on

for any @ € C* as [|Q|loco < Q.
Now, using above results, we easily complete the proof by using the same techniques

as in the proof of Theorem 13. Let Q; be the random Q-function at the {*"-step of the
algorithm. First, we find an upper bound to the following probability

Py =P (|Qi1 — RYQl} > (B(F)™)* +¢'),
for a given ¢/ > 0. To that end, we define

2

=N Z e at|mt ‘f Tt, at) — [Ct + man(yt+17 )]
As in the proof of Theorem 13, one can show that
E|Ln(£iQ)] = If = BYQIE+L(Q) = L™ (f;Q),

where L**(Q) is some quantity independent of f.
Now, using exactly the same steps as in the proof of Theorem 13, we can obtain the
following bound on the probability Fy:

Py < Y¥e/ V™o = . (42)

The only difference is that in this case, we take § = 1. Hence, for each I = 0,...,L — 1,
with probability at most %

Qi1 — B Qull5 > "+ (B(F)™)*.
P . . . 5
This implies that with probability at most
1Qr1 = Ry Qilly > Ve’ + E(F)™

Using this and the fact that R is [3-contraction with respect to span-seminorm, we can
conclude that with probability at least 1 — ¢’, we have

L-1
span(Qr, — HY () < Y 8" span(Qui1 — Ry Q) + span((Ry) Qo — HY¥ (1))
=0
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IN

L—-1 2BL
2(2 B Q= R Qullo + /BQ&V>
1=0

L

URSY m(A)(dima +1)1Go T4
<9 L—(1+1) . _ R . _ ?,1\1/
~ e ﬁ [ a(Q/Qi\lzp)dlmA HQl+1 w Ql” + — 6 Q
L= Tnp 71 3L
< 9N gLty |MAdima D160 s L ABY e
= ’ [ a(2/QF,)dma (Ve + EF)T) . 3 Cm
2 m(A)(dima +1)1Go o g T
T 1 —B( [ a(2/Q,) ) ]
L [m(A)(dima +1)' A €'2<dm;+1>> PR |
ol(2/Qg ) dima 5 m

where (I) follows from Lemma 29. Therefore, with probability at least 1 — ¢, we have

span(Qu — B (1) < A& a4 159 (13)
av  —Ne'? 1
Now, the result follows by picking § = §' = LY /~V™ ¢5av  Aave'2@ma 1) = £/2, and
48% ~av
o Qm =e/2. =

We now give the description of the random operator I;TQaV In this algorithm, the goal is to
replace the operator H3V, which gives the next state-measure, with I:IQaV. Since H5V = Ho,
we also have H3Y = H,. Therefore, the error analysis of H3" is exactly the same with
Theorem 15.

Algorithm 5 Algorithm fISV

Inputs (i, @), Data size M, Number of iterations |X|
for x € X do
generate i.i.d. samples {y7}M, using

yi ~ p(-|z, fo(x), 1)

and define
M
pm (|, fo(x Z

end for
return ) pu(-|z, fo(x), 1) u(z)

This is the error analysis of the random operator H3".

Theorem 25 For any (g,0) € (0,1)2, with probability at least 1 — §

| 5111, Q) = B3 (1. Q)| <2
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if M > mjY(g,0), where
v s X (21X
m5¥(g,0) = = In 3 )

Proof See the proof of Theorem 15. |

Below, we give the overall description of the learning algorithm for the average-cost.
In this algorithm, we successively apply the random operator H?", which replaces MFE
operator H*, to obtain approximate mean-field equilibrium policy.

Algorithm 6 Learning Algorithm
Input p19, Number of iterations K, Parameters of H?¥ and HZ" ({[Nx, Lot My, f;ol)
Start with g
for k=0,..., K—1do
pi1 = H™ ([Ng, L], M) () = H3¥[Mg] (Mk,HfV[Nk,Lk](Hk)>
end for

return ug

Above, we have completed the error analyses of the operators ﬁi‘“’ and ﬁg" in Theo-
rem 24 and Theorem 25, respectively. Since the random operator H?' is a composition of
H}Y with H3V, we can obtain the following error analysis for the operator H*".

Theorem 26 Fiz any (¢,6) € (0,1)2. Define

p(1— Kpav)?e? (1 - Kpgav)e
€1 = , g im ——
32(K1)? 4
Let K, L be such that
K 3L
K~ 2 A g <2,
1 - KHaV 2 1 — ﬁ 2
Then, pick N, M such that
N>mi" (¢ iL M>md (e 0 (44)
= 1 1, 2K7 9 - 2 2 2K .

Let pg be the output of the learning algorithm H» with Nputs

(KA LIS MY o)
Then, with probability at least 1 —§

Kiv2Aa
- iV S + g,
||/‘LK H ||1 \/ﬁ(l _ KH&V)

where p&Y is the state-measure in mean-field equilibrium given by the MFE operator H* .
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Proof The proof is similar to the proof of Theorem 16. The key difference is that we
perform the analysis in terms of span-seminorm in place of sup-norm.
For any u € P(X), Q € F*, ) € C*, we have

13 (1 Q) — H (Ol = S S plule, S, ) ) — S plyles fp ) 1) ()
yeX lzeX zeX
< K [lfala) — fola) | o). (45)
rzeX

Now, using exactly the same steps as in the proof of Theorem 16, for any z € X, we have

2 /A N
Ifa(@) - fo@I* < 7 (@ fo@) - Q. fo(@)))

For any z € X, this leads to

1500 = Fo@)? < % Qe fole) - Qo fole)) + Qe folo)) - Qe fola) )
2 (4 ) A
=2 Qo fola) - Qo fole) + mip Q) ~ mip Qo))
2 A A
gp<W$%5Qw@—@uﬂ»+w$%5Ma@—Qw@Q
= i span(Q — Q). (46)

Therefore, here, we can also perform a similar analysis as in the proof of Theorem 16 using

span-seminorm in place of sup-norm.
Now, combining (45) and (46) yields

“Zf span(Q — Q). (47)

Using (47) and the fact that H®(u) € C* and H¥[N,L)(u)) € F&, for any k =
0,...,K —1, we have

1H5Y (1, Q) — H5Y (1, Q)1 <

IH™ () — H ([N, L], M) () |11 < [1HEY (e HE () — HEY (e, HEY [N, L) () |1
+ | HSY (g, HY [N, L] (1)) — HS M (s, HY [N, L) (1)) |11
V2K,
<
=

span(H{Y (u) — HiY [N, L] (1)

+ (L HS (s HYY [N, L) () — HSY [M] (pagey HY [N, L] (1) |1
The last term is upper bounded by

Ki 2(61 +Aav)
ﬁ
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with probability at least 1 — % by Theorem 24 and Theorem 25. Therefore, with probability
at least 1 — ¢

K—1
—(k ~
e — il < 37 KA (N, L], M) (i) — H™ (i) 1+ ()5 (o) — 2]

k=0
= k(o) [ K1y/2(e + AY) (Kpgav )&

< 3 KK by | 4 AH)T
k:[) \/ﬁ 1 - KHav

Kiv2 Aay

< e ) b

\/ﬁ(]. - KHav)
This completes the proof. |

Now, we state the main result of this section. It states that, by using a learning algo-
rithm, one can learn approximate mean-field equilibrium policy. By Theorem 23, this gives
an approximate Nash-equilibrium for the finite-agent game.

Corollary 27 Fiz any (¢,6) € (0,1)2. Suppose that K, L, N, M satisfy the conditions in
Theorem 26. Let ux be the output of the earning algorithm with inputs

(KA, I 00 (MY )

Define mg(x) == argminga Q(z,a), where Qg = H¥ ([N, L])(ux). Then, with prob-
ability at least 1 — §(1 + ﬁ), the policy i is a kK* (e, A)-mean-field equilibrium policy,
where

2 1 — Kpav)2e2 Kiv2A
KV (e, A) = | = Pl HQ) b A 2K Y2 ).
Therefore, by Theorem, 23, an N -tuple of policies 7™) = {mg, mx, ..., wx } is a 7K™ (e, A)+

o-Nash equilibrium for the game with N > N (o) agents.
Proof By Theorem 26, with probability at least 1 — d(1 + ﬁ), we have

span(Qx — H"¥ (13")) < span(Qx — H™ (ur)) + 2| HPY (pxc) — HYY (13 [loo
<ep+ AY + 2K e ||px — pd |1
K12 Aav
e
K12 A
vﬁu-KHm>+€)'

Let mg(x) = argmin,cp Q@ (z,a). Using the same analysis that leads to (46), we can
obtain the following bound:

<e1+ A% + 2K e (

o p(l - KHav)2 €2
N 32(K,)2

+A3V+2KH‘?V <

2
sup |7k (x) — m(an')H2 < — span(Qx — H¥Y (1dY)).
zeX P
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Hence, with probability at least 1 — §(1 + %), the policy 7k is a k(e, A)-mean-field equi-
librium policy. |

Remark 28 Note that, in Corollary 27, there is a constant A*, which depends on the
representation error E(F)*. In general, E(F)® is negligible. Hence, in this case, we have
the following error bound:

av 2 p(l_KHav)2€2
K (E,O)—\/p < 32(K1)2 +2KH'iW5 .

which goes to zero as € — 0.

9. Numerical Examples

In this section, we present two numerical examples in the case of discounted cost and average
cost, respectively, to demonstrate the applicability of our learning algorithm.

9.1 Discounted Cost

We consider the mean-field game that was introduced in Example 1, where we take X =
[0,0.1,0.,2,...,1], A=1[0,1], ca(a) = pa?, and ¢ (x, ) = nx (1 — & (u)) with (i) denoting
the mean of u. We also take Plh(a, p,w) = 0.1] = ka (1l — v {u)), Plh(a,p,w) = 0] =
ka~vy{p), and P[h(a,u,w) = —0.1] = ka; that is, the state can only go one unit up, go
one unit down, or remain the same. Here, the constants p,n, &, k,~ are all non-negative.
As the conditions (i) and (ii) are clearly satisfied in Example 1 for these particular choices
of system components, Assumption 1 holds true in this case. In the numerical experi-
ments, we use the following values for the parameters: n =2, £ =04, p=1 k=
1, v =04, B = 0.9. We run the learning algorithm using the following parameters:
N = 10000, L = 50, M = 1000, K = 50. The output of the learning algorithm contains the
average of the state-measure (i.e., mean-field distribution) and mean-field equilibrium poli-
cies for states x = 0.1 and = = 0.6. In the fitted Q-iteration algorithm, we pick the function
class F as two-layer neural networks with 10 hidden units. We use neural network fitting
tool of MATLAB. In particular, we use ‘fittnet’, ‘train’, and ‘net’ functions of MATLAB,
where ‘Levenberg-Marquardt’ is picked as the training algorithm and the transfer function
is chosen as ‘hyperbolic tangent sigmoid transfer function’. The parameters of the neural
network fitting tool of MATLAB are set to default values. We also run the value iteration
algorithm using MFE operator H to find the true average of state-measure and mean-field
equilibrium policies for states z = 0.1 and = = 0.6. Then, we compare the learned outputs
with outputs of the value iteration algorithm. Figures 1, 2, and 3 show this comparison. It
can be seen that learned outputs converge to the outputs of the value iteration algorithm.

9.2 Average Cost

We consider a mean-field game with state space X = {0, 1} and action space A = [0, 1]. The
transition probability p : X x A — P(X) is independent of the mean-field term and is given
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where

L) =k, L(1]1) =1—¢

The one-stage cost function ¢ : X x A x P(X) — [0, 00) depends on the mean-field term and
is defined to be

c(z,a,p) =7 {u)x + A (1~ (1)) (1 = a) +ya?,

where (u) is the mean of the distribution p on X. It can be verified that Assumption 1
holds in this example. We use the following values of the parameters:

n=07 a=01 k=01 £=038
7=01, X=04, ~=0.2.

With these parameters, it is also straightforward to check that Assumption 3-(a) holds. We
run the learning algorithm using the following parameters: N = 1000, L = 50, M = 1000,
K = 50. Output of the learning algorithms contain the average of the state-measure (i.e.,
mean-field distribution) and mean-field equilibrium policies. In the fitted Q-iteration algo-
rithm, we pick the function class F as two-layer neural networks with 20 hidden units. We
use the neural network fitting tool of MATLAB. In particular, we use ‘fittnet’, ‘train’, and
‘net’ functions of MATLAB, where ‘Levenberg-Marquardt’ is picked as the training algo-
rithm and the transfer function is chosen as ‘hyperbolic tangent sigmoid transfer function’.
The parameters of the neural network fitting tool of MATLAB are set to default values. We
also run the value iteration algorithm using MFE operator H®' to find the correct average of
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state-measure and mean-field equilibrium policies. Then, we compare the learned outputs
with the outputs of the value iteration algorithm. Figures 4 and 5 show this comparison for
the average-cost. It can be seen that learned outputs converge to the outputs of the value
iteration algorithm.

0.8
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average of mean field distribution
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Figure 4: Comparison of state-measures: average-cost

10. Conclusion

This paper has established a learning algorithm for discrete-time mean-field games subject
to discounted-cost and average-cost criteria. Under certain regularity conditions on system
components, we have proved that the policy obtained from the learning algorithm converges
to the policy in mean-field equilibrium with some probabilistic convergence rate. We have
then used the learned policy to construct an approximate Nash equilibrium for the finite-
agent game problem.

Appendix

In this appendix, we state some auxiliary results that will be frequently used in the paper.
The first result gives a bound on ls-norm of uniformly Lipschitz continuous function g(z, a)
with respect to the action a in terms of its ls-norm.

Lemma 29 Let g : X x A = R be a uniformly Lipschitz continuous function of the action
a with Lipschitz constant L. Then, under Assumption 1-(c), we have

m(A) (dimp +1)! 1/(dima+1)
||g||m3max<[ (A)( LONHTY

a (2/L)dma , (dima +1) o Hg\lu> ,
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1

where o > 0 is the constant in Assumption 1-(c) and (p = ———.
min, v(z)

Proof Under Assumption 1-(c), by following the same steps as in the proof of (Antos et al.,
2007b, Lemma D.2), for all (z,a) € X x A, we obtain the following

</A |g($’d)|2mA(d&)>1/2 - in ({ma@/L)dimA ; |g($’a)|] (dima +1) !9(3«%@)|>

(A) (dimp +1 " (dima +1)

Note that we also have

(Z /. rg<x,a>|2mA<da>u<w>)l/2 > i) s ( [ lote o magdo)

Therefore, above inequalities lead to

m(A) (dima +1)! o 1/(dima +1)
ugnoosmax<[ (A) ( ) ngy]

1/2

a (2/L)dima , (dima +1) Go H9Hu> .

Remark 30 In the paper, to simplify the notation, we will always assume that

[m(A (dima +1)! Go > (dima +1) Go [|g]l,-

1/(dima +1)
a(Q/L)dimA ”9”1/]
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Therefore, the bound in Lemma 29 will always be in the following form:

lolle < | PO 2 gl .

Before we state the next result, we need to give some definitions. Let E be some set. Let
G be a set of real-valued functions on E taking values in [0, K]. For any e!*V := {e;}V, € EV,
define the following semi-metric on G:

N

doan(o,h) = 1 3 lgles) — her)|.

=1

Then, for any € > 0, let Ny (5, {ei}ij\il,g) denote the e-covering number of G in terms of
semi-metric d.1.v (Vidyasagar, 2010, pp. 14). Moreover, let Vg denote the pseudo-dimension
of the function class G (Vidyasagar, 2010, Definition 4.2, pp. 120).

Lemma 31 (Antos et al., 2007b, Proposition E.3) For any "N we have

2e K\
M e e} 0) < e+ 1) ()
Let P(-|x) be a transition probability on X with the following contraction coefficient
1
0p = 5 sup || P(-l2) — P(-[2)]
T,z
Then, the following result holds.

Lemma 32 (Kontorovich and Ramanan, 2008, Lemma A.2) Let p,v € P(X). Then,

> 1D Plyle)u(e ZPW: )| < 6plln—vlh.

In other words, if we define pP(-) ==Y P(-|z) p(z) € P(X)and vP(-) =) P(-|z)v(z) €
P(X), then we have [|[uP — vP||1 < 0p||p — v|1. Indeed, the last inequality explains why
0p is called contraction coefficient.
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