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In this study, we propose a numerical scheme for stochastic oscillators with addi-
tive noise obtained by the method of variation of constants formula using gener-
alized numerical integrators. For both of the displacement and the velocity com-
ponents, we show that the scheme has an order of 3/2 in one step convergence
and a first order in overall convergence. Theoretical statements are supported by
numerical experiments.

Key words: stochastic oscillators, numerical schemes, difference schemes,
stochastic trigonemetric integrators

Introduction

The stochastic oscillation problem where the forcing term is driven by a Brownian
Motion is widely studied. There are various application areas, including physics, biology,
chemistry, economics and finance [1]. The mathematical models described by the stochastic
oscillators have been deeply analyzed in the literature. The existing mathematical analysis can
be classified into two main categories: linear stochastic oscillations and non-linear stochastic
oscillations.

For the linear part, shows that symplecticity, linear growth of its second moment and
asymptotic oscillation around zero are valid for the numerical schemes for the linear oscillation
problem [2]. Analyzes the stochastic resonance in a single-well anharmonic oscillator [3]. Ap-
plies a predictor-corrector method to the numerical integration of a linear stochastic oscillation
problem [4]. The simulation of stochastic oscillators have been done by locally linearized inte-
grators in [5]. Similar linear stochastic equations are considered in [6, 7].

In terms of studies of the non-linear stochastic oscillation problems the literature is
very rich. For instance, considers both quadratic and cubic non-linearities [8]. Computes the
mean and the variance of underdamped harmonic oscillators both for additive and multipli-
cative stochastic factors [9]. The noise is driven by a Poisson stochastic process instead of a
Gaussian, and the solutions of the non-linear oscillation problem is studied [10].

Another context the stochastic oscillation problems are analyzed is variable masses.
For example, works on stochastic forced oscillations with a time-varying mass-spring system
[11]. The mass is modelled as a random variable that is a Brownian Motion with adhesion [12].
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An important study in this field, proposes a method for the numerical discretisations
of various linear stochastic oscillators [13]. In that paper, it is shown that these new schemes
have the same properties with the exact solution of the model problems. However, the paper
only focuses on a scalar model of a stochastic oscillator with additive noise and with a high
frequency. In this article, we adopt the same approach and show the results obtained in there re-
gardless of the frequency and in a more general settings. Independence of the magnitude of the
frequency allows for a much broader area of application for the stochastic oscillation models.

In this paper, we are studying numerical analysis of a stochastic oscillator with addi-
tive noise:

X, + 0’ X, = oW, (1)
where @ and o are positive constants and /¥, — the standard Brownian motion process.

For the stochastic differential equation (SDE) (1), a numerical scheme based on the
variation-of-constants formula is developed. By defining ¥,= X the given equation can be writ-
ten as a system of first-order SDE:

dx, 0 1Y) X, 0
=l dr + )
ar, ) |-e® o)\ % odW,
In [13], using the variation-of-constants formula the explicit numerical scheme:

! +£sin(ha))AWn (3a)

Xy = X, +—————
o =cos(oh) "+a)sin(a)h)Yn 0]

n

Y, =—osin(wh) X, +cos(wh)Y, + ocos(hw) AW, (3b)

n

for obtaining numerical approximation for the solution of eq. (2) has been used. Here /4 indi-
cates the step size of the difference scheme:

AW, =W, ~W, ~hN(0,1)

are 1-D Gaussian random variables. In [13], it was shown that one step numerical scheme of
egs. (3a) and (3b) has an order of convergence 1/2 in both displacement and velocity. That is, it
was shown that for 4w > ¢, > 0, the mean square errors after one step of the numerical scheme
satisfy the inequalities:

(E| X, ~ X, Y2 < C ok

(E|Y, -, ) < o0

But in our study, for the approximate solution of eq. (2), we use general form of dif-
ference scheme of egs. (3a) and (3b). Namely, we use the difference scheme:

1 o .
XnJrl =COS(a)h)Xn +W+Zsm[¢(lm))]AWn (43)
Y., = —wsin(a)h)Xn + cos(a)h)Yn + ocos [¢(ha))]AWn (4b)

with the genaralized integral indicator @(x). This is reduced eqgs. (3a) and (3b) if we take
#(x) = x. We also prove that one step convergence in both displacement and velocity for a gen-
eralized difference scheme (4a) and (4b) has an order of convergence 3/2 without any condition
on the frequency and the step size.
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Then in the article [13] it is shown that the stochastic trigonometric integrators
eq. (3a) has an order of convergence 4. But this clearly does not make sense because a nu-
merical scheme cannot have an order 1/2 convergence in one step and at the same time an
order 1 convergence in 7 steps. To overcome this problem, the author put an artificial condition
how > ¢y > 0, i.e. that proof is only valid for high frequency and big step sizes. Also overall
convergence of velocity has not been shown. In this study, we show that the mean square errors
(MSE) for both displacement and velocity has an order of /# without any condition on frequency
and step sizes not only for difference scheme (3a) and (3b) but also for the generalized case dif-
ference scheme (4a) and (4b). Moreover, the numerical illustrations in the same article support
our results and conclusions.

Numerical schemes for stochastic
oscillators with additive noise

Now let us consider the linear stochastic oscillator with additive noise:
X, + 0’ X, = oW, (5)
Let us write the eq. (5) as a system of first-order Ito SDE:
dx, 0 1Y X, 0
= 5 dr+ 6)
a7, ) = o)\ % )" loaw,

Let us find the unique solution of the eq. (6) using the method of variation-of-con-
stants formula. In order to do this, consider the matrix:

y 0 1
e

The eigenvalues of the matrix 4 are +iw with the corresponding eigenvectors
1, Hiw)T, respectively. Using these we can write the matrix 4 n its Jordan canonical form:
p y g

A—l 1 io 0 1 —iov -1
Nio -i0)\0  —iw)-2io|-io 1

Therefore, we can write the exponential matrix e?":

oA 11 e 0 1/2 1/(2iw) _ cos(ewr) 1/ wsin(art)
io —iw)lg e )|1/2 -1/(2iw)| |-osin(wt) cos(wt)

Therefore, by the variation-of-constants formula the solution of the eq. (6):

!
(th:em [XOJ+O'J‘€A(t‘Y)dW[ 0 j
y v )" %) aw,

t
1 .
Xt = COS(CUt)XO "rm"r%.([sln[a)(t—s)Jde

Hence

t
Y, = —wsin(wt) X, +cos(wt)Y, +chos[a)(t —s)JdWS
0
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sing the fact that effe’s = e +9)
t

n+l

1 .
X, =cos(wh) X, +W+% t'[ sm[a)(tn+1 —S)]dWS

t

n+l

Y,,1 = —wsin(wh) X, +cos(wh)Y, +o-j cos[a)(tn+1 —s)]dWS

n
1,

n

are obtained. Discretising the integrals using the generalized numerical integrators gives the
following explicit numerical scheme:

X, =cos(wh) X, + +%sin[¢(a}h)]AWn (7a)

wsin(wh)Y,
Y. = —wsin(a)h)Xn + cos(a)h)Yn +ocos [¢(a)h)]AWn (7b)

First we will show that the energy of the numerical solution of eq. (6) has a linear
growth rate.
Theorem I. The numerical solution egs. (7a) and (7b) of the linear stochastic oscillator
eq. (6) satisfies:
2

E{%[(Xg)zmz (x! )Z}}:%(ygmzxg)%tn ®)

for all ¢, = nh.
Proof. Let’s consider the energy equation:

el ool [ =3 Comntomx emtonoenfstonon.

2
1 .
+a)2 (cos(a)h)Xn +W+%Sln[¢(wh):|AWn] =

= E{%[(Xz ) o (x] )2}}+O;(cosz [4(n)]+sin*[g(oh) ) E| (W)’ |+ 20E] (X7 )aw, |-
{2 or(x) )2}}{%2};,:.“:,;{%[()(3)2+w2(x;)2}}+[%2}(n+1)h

Lemma I. Consider the numerical solution of eq. (6) by the method (7a) and (7b).
Assume that:
|¢(wh)—(h—s)a)| <sw for any 0<s<h

Then the MSE after one step of the numerical scheme satisfy:
(E|X, - X, P)? <Con?
(E1%-Y, ) <Cooh®?

where the constants C, and C, are independent of w, o, and 4. Here, (X, ¥;) denotes the exact
solution and (X;, Y;) denotes the numerical approximation at time 4.
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Proof.
2

E|X,-X,[’=E jw_la{sin[;é(a)hﬂ—sin[(h—s)}a)}(s)dWs

using the Ito isometry, we get:
h
— 7o |{(sin[¢(eh)]-sin[ (1 —s)w])}2 ds
0

Now consider the function f{x) = sin(x). Then by the mean value theorem there exists
an &(s) between ¢(wh) and (4 — s)w such that:

‘sin[¢(mh)} —sin[(h —s)a)]‘ = ‘cos[cf(s)co}”ﬂwh)—(h —s)a)|— < |¢(a)h)—(h —s)a)| <sw

So we get:
o’
3

h
E| X, - X, ’< a)_ZO'ZJ-(sa))Z ds =
0

Therefore, the first estimate is obtained. Hence we showed that the disfference scheme
(7a) has an order of convergence 3/2 in one step to the displecement part of eq. (6) The estimate
for the error in the velocity component is obtained in a similar way:

h

E|Y,-Y,’=E Io-{cos[qﬁ(a)h)]—cos[(h—s)]a)}dWs

Using the Ito isometry, we get:
h

= sz-(COS [¢(a)h)] —cos [(h —s)a)])z ds

0

If we take the function f{x) = cos(%) then by the mean value theorem there exists an s
between ¢(wh) and (4 — s)w such that:

‘cos[¢(wh)} —cos[(h —s)a)]‘ = ‘sin[w(s)w]”gﬁ(a)h)—(h —s)a)| < |¢(ha))—(h —s)a)| <sw

Therefore:

h 3
Em—YthJj ) ds = (@)K
o 3
This completes the proof of the Lemma 1. Hence, for any frequency w as the step size
h decreases, the local errors decrease with the order of 3/2 uniformly.
To show general MSE at time 7, we need to obtain the following estimates.
Lemma 2. Assume that

|¢(a)h)—(h—s)a)| <sw
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for any 0 < s < A. Then the following estimates hold:

(a) E|d;) |=E|d)|=0
(b) E[(d,f( )2} = 0(h3), E[(dj )2} =o(r). EUd,jfdnY J: o(r).
where
dX = a)—la{T sin[ (4,1 —5) @ |dw, —sin[gﬁ(ha))]AWn}
and t"
dl = G{ZT 00s[ (£, =)@ |dw, —cos[qﬁ(ha))]Am}
Proof. t”

(a) Since the Ito stochastic integral has expectation zero, the estimates E|d;| = |d,| = 0
follow:

2
(b) EdX) = w2o? E[I {sin[(th -s5)o] —sin[¢(ha))]}dWs}

by the Ito isometry we have
tn

E(d,f( )2 =00’ Jtl {sin [(t,H1 —s)w}—sin [¢(hw)}}2 ds

tn

by the mean value theorem
t

=’ ]tl {[(n +1)h —s]a)—g/)(ha))}z {cos [g(s)a)]}z ds

for some &(s) between ¢(wh) and (z,,,— s)w. Then:

2
o’

[n+1
<o? j (nh—s)*ds <
t,

since
lnsl h3
j (nh—s)"ds ==

t’l

In the same way:

2

sl

E@d)) =o> J. {cos[(t,Hl —s)a)]—cos[¢(ha))]}dW

tﬂ
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by the Ito isometry we have:
1

ntl

=o? I (cos [(t,w1 —s)co} —cos [¢(ha))])2 ds

t

n

Again by the mean value theorem:
i . 2
- 02.[;,, {[(n +1)h-s] a)} — $(ho)* {Sln (v (s)a)]} ds

for some y between ¢(wh) and (¢,-1 — s)w. Hence, we obtain:

EdY) < M

Let us find an estimate for |d.* d,|. By the fact that expectation of product of indepen-
dent increments is zero, we get:
tn+1

< I {sin [(tn+1 —s)a)] —sin [¢(ha))]} {cos [(tml - s)w} —sin [¢(hco)}} ds

1,

n

dyd,

By the mean value theorem:
1

n+l

< (6)260.'. {[(n+1)h—s]w—¢(ha))}2‘sin[l//(s)w}”cos[f(s)a)]‘ds

t

n

dyd,

for some w(s)and for some &(s)between ¢(wh) and (2, — s)w. Then:
o’wh’
3

d¥d'|<

The proof is completed.

We now consider the global mean-square error of the stochastic exponential integra-
tors egs. (7a) and (7b).

Theorem 2. Consider the numerical solution of eq. (6), by the method egs. (7a) and
(7b). Assume that:

|¢(wh)—(h—s)w|$sa), for any 0<s<h

Then the mean-square errors of the numerical scheme (7a) and (7b) satisfy:

U2 1/2 1/2
@ (Elx,-x, P) s(%} (1+ij oh

®
1/2
2 (T 12
®) (ElY,-7, P) < (;} [o(w+1)] " oh
fornh <T.
Proof. The recursive relation for the solution of linear part:

X X Inst

fat | _ oAh t, + I eA(t,Hl -s) 0 ds
Y, Y, oW,

n+l n t,



Sirma, A., et al.. Numerical Discretization of Stochastic Oscillators with ...
S72 THERMAL SCIENCE: Year 2021, Vol. 25, Special Issue 1, pp. S65-S75

Using the egs. (7a) and (7b) we have:

E,. =e¢"E +d,

n+

E—ef —Xt”_Xn and d, = dy
"l ) LYY "olal

Using the mathematical induction we obtain:

where

n

E,. = eA(n+1)hE0 +zeA(n—j)hdn _ ZeA(n—j)hdj

n
j=0 Jj=0

where E, = 0. Hence:

E[(e,ﬁrl )T = E[g{cos[(n—j)ha)}d}( +w_1sin[(n—j)ha):|df}} =

n n

:EZZ{COS[(n—j)h]dJX +a)’lsin[(n—j)h]d?}{cos[(n—i)h]dix +a)’1sin[(n—i)thiY}

j=0 i=0

Since expectation of product of independent increments is zero, we have:
= Zn:({cos [(n - j)ha)]}z E[(djx )2 } + {w‘lsin [(n - j)ha)]}2 E{(djy )2 D +
j=0
o Zn:{cos [(n - j) ha)] sin[(n - j) ha)J E(d;(d}/ )} <

< ’n ({cos [(n- j)hw]}2 o’ /3+{w sin[ (n- j)hw]}2 wiol i /3)+

n

+2a)_lZ:cos[(n—j)lm)Jsin[(n—j)ha)]a)ojh3 /3 <

< azi{cos[(n —j)ha):| + a)_lsin[(n —j)ha)l}2 n/3< %(1 +é)o-2Th2
Similarly:
E{(e’i1 )2} =E( .no {—wsin[(n—j)ha)]dj-( +cos[(n—j)ha)]d}’}} -

n

_ (w{sin[(n_ jyo]) E[(df( )Z}{COS sin[ (n—j)ho])’ E[(df )2D+

Jj=0
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+2wzn:{sin [(n —j)ha)]} cos [(n - j)ha)]E(dfd;) <

Jj=0

) ({(wsin[(n— j)hw]}z i 3+{(cos[ (n- j)ha)]}z o*a’h’ /3j+

=0

+2wicos[(n—j)hszin[(n—j)ha)] woh /3 <
=0

< % . 1. . 23 0L ij 2,2

< (wo) ]Z_(;{cos[(n ])ha)]+a) s1n[(n ])ha)]} w/3< 3 [1+ = (0c)" Th

This completes the proof of the Theorem 2.

Note that, the estimates obtained in Theorem 2. show that both the displacement and
the velocity component of the difference scheme have better estimates for w > 1 rather than
0 < w < 1. However, this does not affect the convergence rate since w is an arbitrary but fixed
constant. Hence, the mentioned numerical scheme still has a first order convergence in both the
displacement and the velocity components.

Numerical results

For the comparison of the numeric solution of the difference equation and the analyt-
ical solution of the differential equation, the error terms are computed by the following formu-
lation for the position component X and the velocity component Y-

Ny 1/2
g = {Z(Xn—xtn)z} ©)

J=1

L 12
v 2
Eh Nsim l:;(yn Yt" ) :l (10)

Maintaining the same notation that has been used in section Numerical schemes for
stochastic oscillators with additive noise, we represent the analytical solution of the system of
eq. (6) by X,, for the position factor and Y,, for the velocity factor. The numerical solutions of the
problem based on the egs. (7a) and (7b) are denoted by X, and Y,. The error terms are recorded
for various values of V, i.e. the number of steps in time. The results are shown in the tab. 1 for
N=2,N=4,N=8,..., N=512, and for various values of @ changing from 0.1-0.5. In all of these
numerical experiments the number of simulations N, is kept constant at 1000000. Hence, each
numerical problem has been solved based on 1000000 different sample paths for the process of
standard Brownian motion, W,.

Although the convergence is observed for all the values of w, it is clear that the con-
vergence is much faster when the w is bigger. Especially, when  is bigger than 10 the nu-
merical solution converges to the analytical solution even for very large step sizes. Here, the
initial conditions used are X(0) = 0.02, and Y(0) = 0. The parameter o is chosen to be 1 in all the
numerical exercises. In order to check the rate of convergence, we plot the MSE in X in fig. 1
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Table 1. Comparison of the errors for the approximate solution of problem for the position factor X
Numberof |01 | w=05 w=1 w=10 | ©=50 | ©=100 | ©=150
steps, w
N=2 0.0014 0.0017 0.0008 0.0000 0.0000 0.0000 0.0000
N=4 0.0015 0.0004 0.0010 0.0001 0.0000 0.0000 0.0000
N=8 0.0030 0.0020 0.0009 0.0001 0.0000 0.0000 0.0000
N=16 0.0007 0.0006 0.0012 0.0001 0.0000 0.0000 0.0000
N=32 0.0010 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000
N=064 0.0010 0.0002 0.0001 0.0001 0.0000 0.0000 0.0000
N=128 0.0010 0.0003 0.0014 0.0001 0.0000 0.0000 0.0000
N=256 0.0006 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
N=512 0.0006 0.0009 0.0005 0.0001 0.0000 0.0000 0.0000
15210 o wsa . forsome values of w. We picked on small value
g9 w = 0.1, one moderate value w = 10, and one
0.5%\‘3“\7 large value w = 150. Although it is not very
0v O.dS O.‘1 0‘1‘5 0.é 0‘2‘5 0.£’> 0‘3‘5 0.“1 0.4‘5 0.5 SmOOth’ we ObserVe almOSt a linear behaViOr
X0 w=10 ‘ in error terms which is in line with the order /
2 ol \ T convergence rate proven in Theorem 1.
T“/ T We repeat a similar convergence analy-
s T — . .
0 005 01 015 02 025 03 035 04 o045 05 OIS for the V?IOCIW comp Onent.Y ) Thff results
10° w=150 - are reported in tab. 2. Two main findings are
N 4"‘\ - - the convergence is slightly slower compared to
£ 2T T the convergence in the position component X
o . and the error is more or less independent of the
0 005 01 015 02 025 03 035 04 045 05

Step size in time, h

Figure 1. The MSE of the numerical solution
for various values of w at the specific time
point =1 based on 1000000 number of
Monte-Carlo simulations

choice of w. Almost linear convergence is still
observed in fig. 2, which confirms the result ob-
tained in Theorem 2.

Figures 3 and 4 in the article [13] are in
line with our results.

Table 2. Comparison of the errors for the approximate solution of problem for the velocity component Y

Nst“gb:rw"f a=01 | =05 | @1 =10 | ©=50 | ©=100 | w=150
N=2 00016 | 00019 | 00017 | 00004 | 00002 | 00013 | 0.0003
N=4 00014 | 00002 | 00018 | 00002 | 00018 | 00007 | 00012
N=8 00040 | 00030 | 00008 | 00004 | 00013 | 00008 | 0.0010
N=16 00001 | 00005 | 00017 | 00002 | 00006 | 00011 | 0.0006
N=32 00009 | 00004 | 00016 | 00006 | 00007 | 00012 | 0.0010
N = 64 0.0000 | 00001 | 00003 | 00001 | 00005 | 00005 | 0.0003

N=128 0.0000 | 00000 | 00029 | 00001 | 00014 | 00004 | 0.0010
N =256 0.0006 | 00000 | 00003 | 00003 | 00000 | 00008 | 0.0010
N=512 00016 | 00009 | 00001 | 00001 | 00010 | 00009 | 0.0007
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Conclusion e wsM
> _

In this article, we proved the convergence éo;l /\ P _—
of difference schemes for the stochastic oscilla- = |/ ~—" .
tor with additive noise for the generalized nu- 0 005 01 015 02 025 03 O3 emtionh O
merical integrators. Without any condition of _ f*r—————— T
high frequency and big step sizes, the difference £ :ﬂ // T —]
schemes proposed are proved to have an orderof <, . | |
convergence 3/2 after one step of the difference 0 005 01 01502 02 03 0 eimtmeh
scheme and an order of convergence 1 globally >]é;’° — l'z‘ls\(i\‘\ ‘
in both displacement and velocity components. £ : \\\\\\

Numerical analysis of the suggested differ- < 4.} .

005 01 015 02 025 03 035 04 045 O.
Step size in time, h

0

ence scheme has been executed. The numerical
results almost confirm the order of convergence
obtained. The . convergence for the pOSIt_l on of the velocity component Y for various values
component X is better for large frequencies, ¢, at the specific time point 7= 1 based on
however the frequency is irrelevant for the con- 1000000 number of Monte-Carlo simulations
vergence of the velocity component Y.

Figure 2. The MSE of the numerical solution
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