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Abstract
This study evaluates the influences of the powertrain mount design parameters on the frequencies of powertrain rigid body 
modes and their kinetic energy distributions (KEDs), which play an important role in the low-frequency vibration of vehicles. 
A total of 12 design parameters (x, y, z position of mount locations and translational stiffness of the front and rear powertrain 
mounts) were evaluated in terms of their contributions to the aforementioned metrics. A multi-body dynamics simulation 
model was used in a 512-run modal analysis by varying the design variables across their common range, and the results were 
used in design sensitivity analysis. Response surface models for the frequencies of each powertrain rigid body mode and 
their KEDs were derived and subsequently used in optimization studies. It was shown that front and rear powertrain mount 
stiffness in y-direction has a strong influence on the frequency of powertrain lateral mode (21.5% and 24.5%, respectively). 
Front mount location in the x-direction demonstrates a strong influence on the pitch mode (25.7%), while the rear mount 
stiffness in the z-direction is the most influential on frequency of powertrain vertical mode with 29.1%. The location of the 
rear powertrain mount in the z-direction has a significant effect on the KED of fore-aft mode with 37.8% sensitivity. NSGA-II 
genetic algorithm with 100 generations was used for optimization to meet a set of design targets compiled from the litera-
ture. For the placement of the frequencies of powertrain rigid body modes with desired KED, design sensitivities, which are 
derived from a system-level approach, give important design direction to address the complex interactions between powertrain 
mount locations and stiffness and key metrics of the powertrain mount systems. Knowledge of design sensitivity of design 
parameters is important in the vehicle design cycle for OEMs to prioritize their design decisions. Finally, the optimization 
methodology is key to tune the design parameters to meet the conflicting design targets more efficiently.
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Abbreviations
xg	� Longitudinal position of the powertrain 

center of gravity
yg	� Lateral position of the powertrain center 

of gravity
zg	� Vertical position of the powertrain center 

of gravity

m	� Mass of powertrain system
Ixx	� Mass moment of inertia of powertrain 

with respect to x-axis of powertrain iner-
tia coordinate system

Iyy	� Mass moment of inertia of powertrain 
with respect to y-axis of powertrain iner-
tia coordinate system

Izz	� Mass moment of inertia of powertrain 
with respect to z-axis of powertrain iner-
tia coordinate system

Ixy	� Product of inertia of powertrain with 
respect to x–y-axis of powertrain inertia 
coordinate system

Ixz	� Product of inertia of powertrain with 
respect to x–z-axis of powertrain inertia 
coordinate system
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Iyz	� Product of inertia of powertrain with 
respect to y–z-axis of powertrain inertia 
coordinate system

xfr	� Front powertrain mount longitudinal 
position

yfr	� Front powertrain mount lateral position
zfr	� Front powertrain mount vertical position
xrr	� Rear powertrain mount longitudinal 

position
yrr	� Rear powertrain mount lateral position
zrr	� Rear powertrain mount vertical position
Kfx	� Front powertrain mount longitudinal 

stiffness
Kfy	� Front powertrain mount lateral stiffness
Kfz	� Front powertrain mount vertical stiffness
Krx	� Rear powertrain mount longitudinal 

stiffness
Kry	� Rear powertrain mount lateral stiffness
Krz	� Rear powertrain mount vertical stiffness
KED	� Kinetic energy distribution
KED(n,i)	� KED of the ith mode in the nth DOF
LHS	� Latin hybercube sampling
RSM	� Response surface model
PRCC​	� Partial ranked correlation coefficients
PRCC​k,i	� PRCC of the ith input on the kth output
% Sensitivityk,i	� Sensitivity of the ith input on the kth 

output
ffa	� Frequency of powertrain fore-aft mode
fl	� Frequency of powertrain lateral mode
fv	� Frequency of powertrain vertical mode
fr	� Frequency of powertrain roll mode
fp	� Frequency of powertrain pitch mode
fy	� Frequency of powertrain yaw mode
KEDfa	� KEDs for powetrain fore-aft mode
KEDl	� KEDs for powertrain lateral mode
KEDv	� KEDs for powertrain vertical mode
KEDr	� KEDs for powertrain roll mode
KEDp	� KEDs for powertrain pitch mode
KEDy	� KEDs for powertrain yaw mode
NSGA-II	� Nondominated sorting genetic algorithm

1  Introduction

Noise and vibration are among the top factors related to 
quality in vehicle design [1]. They are considered as the 
key components for the isolation of powertrain forces in 
addition to its primary function of supporting the weight of 
the powertrain. Although they may be considered as simple 
structures, there is an extensive literature review on pow-
ertrain mount systems, functions and challenges related to 
their design [2, 3].

Powertrain mounting systems have various types includ-
ing elastomeric, hydraulic, passive and active mounts. Pas-
sive rubber mounts are simple rubber elements providing 
stiffness and damping [4–6]. Jung et al. [7] demonstrated 
the ability of such mounts for vibration isolation over a wide 
frequency range. The hydraulic mounts are advantageous 
in terms of the trade-offs between the static and dynamic 
design targets [8]. There is an extensive literature on the 
analysis and optimization of such mounts [9–11]. With 
recent advances, active powertrain mount applications were 
frequently used in order to control the powertrain-induced 
vibrations [12]. The cost, maintenance, and reliability of 
powertrain mounts have been addressed [5].

There are many challenges related to powertrain mount 
systems due to the trade-offs between various design targets 
and their complex relation to design parameters. The stiff-
ness of a typical elastomeric mount increases with increas-
ing frequency, which results in poor vibration isolation at 
higher frequencies. However, low stiffness values are not 
desired since they may lead to large static displacement [8]. 
Advances in simulation technology have become a key ena-
bler to address the aforementioned trade-offs in the design. A 
wide variety of simulation tools ranging from finite element 
models and multi-body dynamics [1] have become industry 
standard due to their high accuracy on the predictions.

The development of the powertrain mount systems in 
the automotive product development cycle focuses on the 
structural optimization of the powertrain mounts and opti-
mization of the mount stiffness and positions. The former 
is generally performed using finite element-based models 
using topology optimization methods, while the latter mostly 
deals with the rigid body-based models using design opti-
mization methods.

There are many studies in the literature on the structural 
optimization of the powertrain mount structures. For exam-
ple, results from three commercial software programs on 
topology optimization are compared to each other for the 
powertrain mount design in terms of their computational effi-
ciency and optimum solution [13]. Similarly, the application 
of a multi-objective optimization algorithm to optimize the 
dimensions of a powertrain mount design is demonstrated 
using a finite element model of the powertrain mount. The 
weight, first mode of the powertrain mount, and the maxi-
mum von Mises stress are the objective functions [14]. In 
another study, a topology optimization algorithm is applied 
to an elastomeric powertrain mount to achieve desired stiff-
ness characteristics in two directions using a finite element 
based model of the rubber block and experimental data [15]. 
The application of a topology optimization algorithm is pre-
sented to minimize the weight for a powertrain mount of 
an aircraft under the loads on an airplane according to the 
code of Federal Regulations [16]. A significant reduction 
in the volume ratio of the structure is achieved according 
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to structural stress and buckling constraints in this study. In 
a very recent study, structural optimization of a powertrain 
mount has been performed by integrating static, modal, and 
frequency response analyses. The comparisons between the 
original and the optimized designs were made on the natural 
frequencies of the structure, von Mises stress, and amplitude 
of the frequency response. Besides, the weight and cost of 
material and manufacturing are considered as important 
design factors [17].

There are many studies in the literature for the minimiza-
tion of the vibration transmissibility of the powertrain mount 
by integrating the rigid body models and the design optimi-
zation tools. For example, various optimization techniques 
such as sequential quadratic programming for the mount 
locations and orientations are employed to minimize the 
vertical force transmitted [18, 19]. In the studies, which are 
based on the optimal placement of the frequencies of rigid 
body modes, powertrain modes are decoupled from each 
other where the location and orientation of the powertrain 
mounts are chosen as design parameters [20–22]. Swan-
son et al. [23] compared the base and the optimum designs 
obtained from the minimization of the transmitted forces and 
the placement of the frequencies of powertrain rigid body 
modes. Ashrafiuon [24] optimized the aircraft powertrain 
mount system using the closed form of the derivatives of 
amplitudes of vibrations. In another study, Christopherson 
and Jazar [25] optimized a hydraulic mount to minimize 
various frequency response functions. The theory of energy 
decoupling is used by Yonghou and Guocai [26] to opti-
mize the powertrain mount system by choosing the objective 
function as the maximization of the decoupling rate. Finally, 
torque roll axis decoupling and optimization methods were 
considered in various studies [27–30] to determine the best 
position of powertrain mounts for various operating condi-
tions. Liette et al. [31] proved that the decoupling of the 
torque roll axis is not viable for powertrain applications and 
examined alternative isolation systems. The application of 
multi-objective and evolutionary optimization algorithms 
has been used more recently on the optimization of pow-
ertrain mount systems. For example, the stiffnesses of the 
powertrain mounts in three directions are optimized by the 
application of a combined genetic algorithm and robust-
ness analysis. The optimization performance is quantified 
by comparing time and frequency domain results of the 
optimized and original design under powertrain and road 
excitations [32]. In more recent studies, coupling effects of 
different subsystems including the powertrain mount sys-
tems were taken into account to provide vibration isolation 
between the subsystems using a 15 DOF full vehicle model 
[33]. A multi-objective optimization algorithm is proposed 
as an integration of genetic algorithm, neural networks, 
and evolutionary algorithms using a 10 DOF full vehicle 
model. Six objective functions include the mean square 

displacement and the acceleration of powertrain mounts, 
where the stiffnesses of each mount are the design variables 
[34]. The time and frequency domain comparisons on three 
different powertrain mount materials were made experi-
mentally in terms of the vibration isolation characteristics 
and their life [35]. The study suggests that a combination 
of materials provides improved vibration performance than 
natural rubber. In a more recent study, the powertrain mount-
ing system of an electric vehicle is optimized where the per-
formance of the application of particle swarm optimization 
is improved by coupling it with NSGA-III algorithm [36]. 
The multi-objectives include the mean square acceleration 
and mean square displacement of the powertrain mount sys-
tem. In [37], the authors integrated the rigid body models 
and structural optimization of the powertrain mount struc-
ture using topology optimization. For the former, the objec-
tive functions are the frequencies of the powertrain modes 
and their coupling, where the hardness of each mount is 
optimized. For the latter, the topology of the structure is 
determined by the application of the topology optimization, 
where an objective function considers the static and dynamic 
characteristics of the structure. In the topology optimization, 
the critical location is determined from a previous analysis 
of the structure under the operational loads from the trans-
mission and road [37].

Besides the simulation and optimization of the power-
train mount system, there are studies related to the uncer-
tainties of powertrain mount system design in the literature. 
For example, the fatigue life of powertrain mount systems 
is determined using Monte Carlo taking into account the 
variability of important parameters based on experience 
[38]. A new method is proposed by considering the hybrid 
uncertainties between the natural frequency and decoupling 
ratios of the powertrain mounting systems thereby taking 
into account the uncertainties associated with the powertrain 
mount system [39]. In a recent study, a MOGA optimization 
algorithm is applied to a powertrain mount system by tak-
ing into account the variability of the design variables from 
experimental data [40]. In this study, system-level design 
variables such as spring stiffness and subsystem-level system 
variables such as rubber dimensions are optimized where the 
constraints are related to the frequencies and their separa-
tion, and upper limit on strain values.

Though it is not as common as optimization of the passive 
mounts, active control of powertrain mounts has been the 
subject of research in recent years. For example, Bian et al. 
developed control algorithms for modifying the frequency 
and damping [41]. They demonstrated the methods theoreti-
cally and experimentally to reduce the nonlinear torsional 
vibration of the powertrain system. In another study, active 
control of powertrain mounts of hybrid electric vehicles 
(HEVs) was proposed for the improvement of vibration iso-
lation during engine-start and engine-stop operations [42].
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Concurrently NVH, durability, vehicle dynamics, safety, 
performance, and cost expectations have become more 
and more stringent, necessitating robust and efficient sys-
tem modeling and design optimization/control procedures. 
Therefore, the need for formal design methodologies, which 
can explore the synergistic effects of coupling between 
design parameters at every phase of the design process, is 
increasing. In the past, mathematical models for structural 
and rigid body dynamics have been developed for the iso-
lation of powertrain excitation, and various optimization 
algorithms have been exploited for a better understanding 
of powertrain mount systems. However, to the author’s 
best knowledge, no studies have quantified the sensitivity 
of primary powertrain mount design parameters across all 
the major NVH key performance indices and design targets. 
Moreover, the optimization of the full set of design targets 
using rigorous and versatile engineering methods is lim-
ited. Such an approach would be beneficial for automotive 
OEMs from many aspects: (1) They will be able to address 
the uncertainties in their powertrain mount system design. 
More specifically, uncertainties on material properties such 
as Young’s modulus and endurance limit and variations in 
the stiffness of mount parameters may result in the variation 
in the frequencies of powertrain modes and their coupling. 
The indeterministic nature of the parameters may adversely 
affect system performance and customer perception in terms 
of vehicle dynamics and NVH. Instead, the concept of safety 
factors is generally introduced to account for uncertainties 
in the material properties and other design parameters. 
However, since the selection of factor of safety is mostly 
based on the experience of the automotive OEMs, there is 
always a risk of not meeting functional targets or designing 
over-engineered systems. Therefore, knowing the sensitivi-
ties of design parameters on key performance metrics is of 
great importance, and (2) determination of the frequencies 
of system/subsystem modes and their modes is a common 
task in the automotive industry. This information is used to 
distribute the frequencies of the system so that they are sepa-
rated from each other and/or from excitation frequencies. 
This process, which is known as modal alignment, is highly 
dependent on the sensitivities of the mode frequencies. So if 
the modal alignment is not robust, system modes and exci-
tations may couple at one or more frequencies resulting in 

poor NVH performance. The information on the sensitiv-
ity of design parameters on powertrain rigid body modes 
and their coupling will increase the robustness on the modal 
alignment. The originality of this work stems primarily from 
the integration of sensitivity of design parameters on design 
targets to understand the coupling of these subsystems and 
their effect on powertrain mount systems. The knowledge 
of the sensitivity of design parameters on key metrics fills 
the gap of taking into account the robustness of the system. 
Therefore, this paper presents a complete design process 
of the powertrain mounting system, including the vibration 
decoupling, vibration simulation analysis, and multi-objec-
tive optimization. The objective of the current study is to 
better understand the sensitivity of primary design factors 
across all powertrain rigid body modes and their kinetic 
energy distributions.

The organization of the paper is as follows: first, method-
ology including the modeling, design sensitivity, and opti-
mization with the full set of design targets compiled from 
literature are described in Sect. 2. Then, the results of vari-
ational study, sensitivity analysis, and design optimization 
are discussed in Sect. 3. Finally, the last section is reserved 
for the conclusions and future work.

2 � Materials and methods

2.1 � Description of the mathematical model

The mathematical modeling employs a representation of a 
vehicle powertrain with four bushings represented by three 
translational springs in longitudinal, lateral, and vertical 
directions. The model has only one rigid body represent-
ing the powertrain system. The rigid body has 6 degrees 
of freedom as it is free to translate and rotate in all direc-
tions. The powertrain system is connected to ground by 4 
bushings, which represent the powertrain mounting system. 
This type of modeling represents the powertrain mounts 
between the chassis and the powertrain system. This mod-
eling approach is commonly used in the literature [37, 39, 
43]. The global coordinate system at the center of mass of 
the powertrain at the static equilibrium is shown in Fig. 1, 

Fig. 1   Sketch of the powertrain 
mount system model
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while the corresponding ADAMS model with six degrees of 
freedom (DOF), is presented in Fig. 2.

The parameters of the powertrain mount system are given 
in Table 1.

2.2 � Rigid body modes and their KEDs

The frequencies of the powertrain rigid body modes are cal-
culated by solving the eigenvalue problem as described by 
[44]. A static analysis is performed first to find the static 
equilibrium of the system using the ADAMS model. Then, 
the normal mode analysis is performed about this static 
equilibrium position to determine the frequencies of the 
powertrain rigid body modes using built-in ADAMS/Vibra-
tion toolbox. Kinetic energy distribution (KED) is another 
performance metric as a measure of decoupling between 
modes. %100 decoupling, which is desirable for vibration 
performance, is only possible at certain configurations [45]. 
KED is defined as the ratio of the kinetic energy of a mode 
to the overall energy of all the modes corresponding to a spe-
cific frequency. As the powertrain vibrates at a natural fre-
quency, wi (n = 1,2,3,4,5,6) , the kinetic energy distribution 
of the mode as percentage in the n DOF ( n = 1,2,3,4,5,6 ) of 
the powertrain and ith order mode, KED(n, i) is calculated 
according to Eq. (1) [39]:

where M is the 6 × 6 mass matrix of the powertrain system, 
ϕni is the element of mode shape matrix, ϕ (6 × 6 matrix), 
corresponding to the nth row and ith column, ϕli s the element 
of ϕ, corresponding to lth row and ith column, and ϕi is the 
mode shape vector corresponding to ith natural frequency, 
i.e., ϕi = {ϕ1i, ϕ2i, ϕ3i, ϕ4i, ϕ5i, ϕ6i}. Mnl is the element of the 
mass matrix, M, corresponding to the nth row and lth column. 

(1)KED(n, i) =
�ni ⋅

∑6

l=1
Mnl.�li

�T
i
⋅M ⋅ �i

⋅ 100

For more detailed description and derivation of the KED, the 
reader is referred to [39]. The kinetic energy distribution of 
each mode for each frequency is obtained from the ADAMS/
Vibration toolbox according to Eq. (1).

2.3 � Variational design study

A Design of Experiment (DoE) set containing 512 runs 
was obtained by Sobol sequence varying key design fac-
tors. Powertrain mount stiffness was varied by ± 20% [4]. 
Front and rear powertrain mount locations are varied with 
a similar approach as in [18, 22]. Nominal values and 
variation of design factors are shown in Table 2, where 
xfr, yfr, zfr are the longitudinal, lateral, and vertical locations 
of front powertrain mounts, xrr, yrr, zrrare the longitudinal, 
lateral, and vertical locations of rear powertrain mounts, 
Kfx, Kfy, Kfz, Krx, Kry, Krzare front longitudinal, front lateral, 

Fig. 2   ADAMS model of the 
powertrain mounting system

Table 1   The parameters of the MSC.ADAMS model

xg, yg, zg (mm) (3450, 5, 1200)
Powertrain mass, m (kg) 1550
(Ixx, Ixy, Iyy, Ixz, Iyz, Izz) (kg m2) (138, − 2.35, 843, 

135, 0.53, 768)
Front-left powertrain mount position (x, y, z) 

(mm)
(2600, − 400, 1250)

Front-right powertrain mount position (x, y, z) 
(mm)

(2600, 400, 1250)

Rear-left powertrain mount position (x, y, zz) 
(mm)

(3800, − 400, 1150)

Rear-right powertrain mount position (x, y, z) 
(mm)

(3800, 400, 1150)

Front powertrain mount stiffness (x, y, z) (N/
mm)

(800, 300, 1200)

Rear powertrain mount stiffness (x, y, z) (N/
mm)

(9000, 2500, 3500)
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front vertical, rear longitudinal, rear lateral, rear vertical 
stiffness values, respectively.

Sobol sequence was chosen as the sampling algorithm of 
the design variables due to its ability to generate more uni-
formly distributed design space compared to other methods 
such as Latin Hypercube sampling (LHS). The algorithm to 
obtain the Sobol sequence is explained in [46] in great detail. 
The rear powertrain mount stiffness in z-direction based on 
Sobol and LHS are shown in Figs. 3 and 4, respectively.

2.4 � Response surface methodology

The objective of the response surface models is to develop 
empirical equations relating the design parameters to pow-
ertrain rigid body models and their KEDs. These equations 
would then help the designer determine the design param-
eters to change the modes and their KEDs by the desired 
amount by simply using the empirical formulas.

The response surface models (RSM) for the frequencies 
of the rigid body modes and their KEDs are generated using 
MATLAB’s “lsqcurvefit” function. The DoE set containing 
512 samples from the SOBOL sequence was used to construct 
RSMs. A linear relationship between output and inputs in the 

form shown in Eq. (2) is given for the frequency of powertrain 
vertical mode.

where fv is the frequency of powertrain vertical mode, c0 to 
c12 are the coefficients of the RSM model. Similar expres-
sions were derived for frequencies of powertrain fore-aft 
(ffa), lateral (fl), roll (fr), pitch(fp) and yaw modes (fy) as well 
as their KEDs. RSM models were used in the design opti-
mization study as described in Sect. 2.6.

2.5 � Design sensitivity

The sensitivity of design parameters on key metrics of the 
powertrain mount system is important to determine the modal 
characteristics of the rigid body modes. Once the most influ-
encing factors are determined, one can modify the values of 
the parameters to obtain the desired performance.

Since the interaction of the model parameters is unknown 
and the large variation of the parameters may lead to nonlinear 
relations between input and output parameters, partial ranked 
correlation coefficients (PRCC) were used to measure cor-
relation between them [47–50]. PRCC is a robust sensitivity 
analysis method, which provides a measure of the monotonic-
ity of input and output variables. The correlation coefficients 
between input variable �j and output variable �k are calculated 
as given in Eq. (3):

where xij and yik are sampled data of input and output vari-
ables, i represents the sample number where N is the sample 
size, x̄j and ȳk are the respective mean of the sample. If �j 
and �k are raw data, r�j�k is called Pearson correlation coef-
ficient, and if they are rank transformed data, �j and �k , are 
used it is called rank or Spearman correlation coefficient 

(2)

fv = c0 + c1 ⋅ xfr + c2 ⋅ yfr + c3 ⋅ zfr + c4 ⋅ xrr + c5 ⋅ yrr

+ c6 ⋅ zrr + c7 ⋅ Kfx + c8 ⋅ Kfy + c9 ⋅ Kfz

+ c10 ⋅ Krx + c11 ⋅ Kry + c12 ⋅ Krz

(3)r�j�k =

∑N

i=1
(xij − x̄j).(yik − ȳk)

�∑N

i=1
(xij − x̄j)

2.
∑N

i=1
(yik − ȳk)

2

Table 2   Variation on design variables

Design variable Nominal Variation (±)

xfr (mm) 2600 100
yfr (mm) 400 50
zfr (mm) 1250 100
xrr (mm) 3800 100
yrr (mm) 400 50
zrr (mm) 1150 100
Kfx (N/mm) 800 160
Kfy (N/mm) 300 60
Kfz (N/mm) 1200 240
Krx (N/mm) 9000 1800
Kry (N/mm) 2500 500
Krz (N/mm) 3500 700

Fig. 3   Sobol sampling algorithm

Fig. 4   Latin hypercube sampling (LHS) algorithm
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[50]. PRCC between �j and output variable �k is the correla-
tion coefficient, excluding the effect of remaining variables, 
calculated using two residuals: (�j − X̂j) and (� − Ŷk) in 
Eq. (3), and is given in Eq. (4).

where X̂j and Ŷk and given in Eq. (5) and Eq. (6).

where c0…n and b0…n, are the coefficients obtained by linear 
regression and n is the total number of input variables. X̂j 
and Ŷk are evaluated at each increment i in Eq. (4).

PRCCs were obtained between 12 design variables and 
6 frequencies for powertrain rigid body modes and their 
KEDs. The sensitivity of the input variables on the output 
variables is generally represented as percentage sensitivity 
by normalizing each PRCC coefficient for an output variable 
by the sum of absolute values of PRCCs of input variables 
corresponding to that output variable as given in Eq. (7).

where k is the output variable (such as yaw mode), j is the 
input variable (such as the location of front powertrain 
mount) and %Sensitivityk,j is the sensitivity of the jth input 
on the kth output.

2.6 � Design optimization

The primary function of powertrain mount system is to 
provide isolation from powertrain-related excitations as a 
part of vehicle noise, vibration, and harshness (NVH) tar-
gets. This is a quite complex and challenging task in auto-
motive product development cycle considering the pack-
age space limitations and powertrain power performance. 
Therefore, the powertrain mount design must continue 
to improve while satisfying important design targets on 
NVH, performance, and low cost. Hence optimization is a 
proven formal method for designing complex systems with 
rigor. This section follows a traditional task of meeting 

(4)PRCC�j�k
=

∑N

i=1
(Xij − X̂j) ⋅ (Yik − Ŷk)

�∑N

i=1
(Xij − X̂j)

2
⋅

∑N

i=1
(Yik − Ŷk)

2

(5)X̂j = c0 +

n∑

p=1
p≠j

cp ⋅ Xp

(6)Ŷk = b0 +

n∑

p=1
p≠j

bp ⋅ Xp

(7)

%Sensitivityk,j =

���
PRCCk,j

���
∑12

i=1

��
�
PRCCk,j

��
�

.100 (j, k = 1,… , 12)

conflicting design targets compiled from the literature [21, 
39, 45, 51].

The aforementioned sensitivity methodology is helpful 
to make modifications to the powertrain mount design as 
it quantifies the contribution of each design parameter on 
the frequencies of powertrain rigid body mode and kinetic 
energy distribution associated with that mode. However, 
the application of formal optimization methods to the pow-
ertrain mount design can result in a more cost-effective 
and feasible design. Besides, the determination of the 
parameters would be more systematic. For that purpose, 
the following optimization problem is formulated using 
the aforementioned design targets from the literature:

•	 Design Target 1: Separation of main combustion exci-
tation frequency with the frequency of powertrain roll 
mode frequency is essential for good vibration isolation. 
This requires that the ratio of excitation frequency at idle 
speed to the roll mode is at least √2 [45]. Therefore, the 
target frequency of powertrain roll mode has been set to 
18 Hz with KED of 90%.

•	 Design Target 2: The frequency of the powetrain vertical 
mode should be between 8 Hz and 10 Hz with at least 
90% KED for adequate separation from suspension hop 
mode [21].

•	 Design Target 3: The frequencies of powertrain rigid 
body modes should be separated by at least 10% for 
improved NVH performance [51].

•	 Design Target 4: The frequencies of powertrain fore-aft, 
lateral, pitch, and yaw modes should have at least 80% 
KED in their primary direction [21].

•	 Design Target 5: The lowest frequency of powertrain 
rigid body mode should be greater than 7 Hz to be out-
side of the human sensitivity and the highest frequency 
of powertrain rigid body mode should be lower than 
20 Hz to be well isolated from vehicle flexible modes 
[21].

Based on the design targets defined above, design opti-
mization problem is formulated as expressed in Table 3.

Multi-Objective Nondominated Sorting Genetic Algo-
rithm (NSGA-II) was used for optimization due to its effi-
ciency in terms of its constraint handling and higher prob-
ability to obtain more uniform pareto optimal solutions 
[52]. Since the use of RSM models is computationally 
efficient, 100 generations were used during optimization. 
This corresponds to 51,200 design alternatives.
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3 � Results

This section presents the results for the variational study 
and the sensitivity results. More specifically, the frequen-
cies of powertrain rigid body modes and their KEDs for the 
base design configuration are given in Sect. 3.1. Then, the 
results from the variational design study in Sect. 3.2. The 
response surface models (RSM) are developed and presented 
in Sect. 3.3. RSM model can be used in order to calculate 
the powertrain rigid body modes and their KEDs given a 
set of design parameters. Besides, these empirical equations 
will be used in a subsequent optimization study. In Sect. 3.4, 
we present the sensitivity of design parameters on power-
train rigid body modes and their KEDs. This information is 

important as it gives which design parameter is effective on 
the design of powertrain mount system.

3.1 � Frequencies of powertrain rigid body modes 
and their KEDs

Frequencies of powertrain rigid body modes were found to 
be 8.7 Hz, 8.8 Hz, 11.9 Hz, 12.4 Hz, 17.9 Hz, and 19.2 Hz 
for lateral, pitch, yaw, vertical, fore-aft, and roll modes, 
respectively. Modes and corresponding KEDs are shown in 
Table 4. Fraction of the KEDs for each mode is also shown 
in Fig. 5. It is shown that the modes with frequencies 8.7 Hz 
and 11.9 Hz are not pure lateral or yaw modes, instead they 
are combinations of both, which is not desirable as described 
in Sect. 2.6.

3.2 � Variational design study

Histogram of the frequency of roll mode from Fig.  6 
shows that it has the highest variance ranging from 15.6 
to 23.0 Hz. The frequency of powertrain yaw mode varies 
from 8.3 to 14.0 Hz. The minimum variance corresponds 
to frequency of powertrain vertical mode from 11.1 to 
13.8 Hz. The highest variance for the KEDs corresponds 
to the frequency of powertrain lateral mode from 44.0% to 
96.8%, while the lowest variance occurs for the frequency 
of powertrain pitch mode ranging from 73.7% to 99.9% as 
shown in Fig. 7. KED for powertrain yaw mode versus yaw 

Table 3   Formulation of the design optimization problem

Design objectives (Total of 2)
minimize[fr2 − (18)2]
minimize[KEDr

2 − 902]
Design constraints (Total of 24)
7 < fp, fy, ffa, fl
8 < fv < 10
80 < KEDp, KEDy, KEDfa, KEDl
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||,
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, ||ffa − fv
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Design variables (Total of 12)
xfr, yfr, zfr, xrr, yrr, zrr, Kfx, Kfy, Kfz, Krx, Kry, Krz

Variable constraints (Total of 12)
2500 < xfr < 2700
350 < yfr < 450
1150 < zfr < 1350
3700 < xrr < 3900
350 < yrr < 450
1050 < zrr < 1250
640 < Kfx < 960
240 < Kfy < 360
960 < Kfz < 1440
7200 < Krx < 10,800
2000 < Kry < 3000
2800 < Krz < 4200

Table 4   Powertrain modes and 
corresponding KEDs

Modes (Hz) Fore-Aft (%) Lateral (%) Vertical (%) Roll (%) Pitch (%) Yaw (%)

8.7 0.0 76 0.0 0.8 0.0 23.1
8.8 0.5 0.0 1.4 0.0 98.1 0.0
11.9 0.0 23.9 0.2 4.4 0.0 71.5
12.4 0.0 0.0 98.4 0.0 1.4 0.2
17.9 99.3 0.0 0.0 0.2 0.6 0.0
19.2 0.1 0.1 0.0 94.6 0.0 5.2

Fig. 5   KED fraction of modes
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mode is presented in Fig. 8. The statistics of the frequency 
of powertrain modes and their KEDs are summarized in 
Table 5, and Box-Whisker plot is shown in Fig. 9.

3.3 � Response surface models

The coefficients of the RSMs from Eq. (2) were calculated 
using MATLAB’s “lsqcurvefit” function as described in 
Sect. 2.2 and summarized for frequency of powertrain lat-
eral, pitch, yaw, vertical, fore-aft, and roll modes in Table 6. 
Similarly, the coefficients of the RSMs for KED of each rigid 
body mode are presented in Table 7.

3.4 � Design sensitivity analysis

The design sensitivity analysis is performed to investigate 
how sensitive the design parameters on the frequencies of 
powertrain modes and their KEDs. For that purpose, the 
methods from Sect. 2.4 are applied to quantify the sensitiv-
ity of each design parameter on the aforementioned metrics.

PRCC coefficients for the frequencies of powertrain rigid 
body modes and their KEDs are shown in Tables 8 and 9, 
respectively.

Fig. 6   Histogram of the powertrain roll mode

Fig. 7   Histogram of the KED of the powertrain yaw mode

Fig. 8   KED of yaw mode versus yaw mode

Table 5   Variational results on frequencies of powertrain modes and 
KEDs

Description Low High Average

Frequency of powertrain lateral mode (Hz) 7.4 11.3 8.6
KED lateral mode (%) 44.0 96.8 76.1
Frequency of powertrain pitch mode (Hz) 6.9 10.6 8.7
KED pitch mode (%) 73.7 99.9 95.1
Frequency of powertrain yaw mode (Hz) 8.3 14.0 11.9
KED yaw mode (%) 40.7 92.2 70.7
Frequency of powertrain vertical mode (Hz) 11.1 13.8 12.5
KED vertical mode (%) 57.8 99.9 95.1
Frequency of powertrain fore-Aft mode (Hz) 16.1 19.8 18.0
KED fore-aft mode (%) 50.7 99.9 96.6
Frequency of powertrain roll mode (Hz) 15.6 23.0 19.4
KED roll mode (%) 48.0 98.4 92.3

Fig. 9   Box-Whisker plot
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Table 6   RSM model for the 
frequency of powertrain rigid 
body modes

Coefficients Lateral
fl

Pitch
fp

Yaw
fy

Vertical
fv

Fore-aft
ffa

Roll
fr

c0 0.0836 0.2542 0.2206 − 0.0294 0.0684 − 0.0862
c1 − 0.0392 − 0.3931 − 0.0221 0.0189 − 0.0035 − 0.0073
c2 0.0341 − 0.0006 0.0227 0.0011 − 0.0006 0.1453
c3 0.0028 0.0300 0.0266 0.0011 − 0.0077 − 0.0295
c4 − 0.2036 0.3308 0.2407 0.1090 0.0040 0.0201
c5 0.1069 − 0.0016 0.2716 0.0025 − 0.0005 0.4784
c6 0.1086 0.0154 − 0.1704 0.0048 − 0.0901 0.0715
c7 0.0174 0.0051 0.0091 0.0003 0.0764 0.0051
c8 0.1015 − 0.0004 0.0157 0.0008 0.0006 0.0002
c9 0.0035 0.3727 0.0158 0.1847 0.0021 0.1101
c10 0.0858 − 0.0005 0.1735 0.0020 0.8843 0.0593
c11 0.2264 0.0006 0.1636 − 0.0019 0.0004 0.0134
c12 − 0.0086 0.0948 0.0524 0.7463 0.0013 0.3234

Table 7   RSM model for KEDs Coefficients KED lateral KED pitch KED yaw KED vertical KED fore-aft KED roll

c0 0.3823 0.8955 0.5303 1.0271 0.8273 0.8872
c1 − 0.0778 − 0.0001 − 0.0752 − 0.0263 0.0184 0.0203
c2 0.0335 − 0.0095 0.0730 0.0298 0.0295 0.0549
c3 0.0540 0.0135 0.0356 − 0.0269 0.0319 0.0363
c4 − 0.0308 − 0.3309 − 0.1027 − 0.2113 − 0.0480 − 0.0806
c5 0.4052 0.0000 0.3199 − 0.0471 0.0813 0.0805
c6 0.0588 0.1711 − 0.0806 − 0.0043 0.1217 − 0.0928
c7 0.0261 0.0044 0.0199 0.0051 0.0135 0.0031
c8 0.0585 0.0027 0.0424 − 0.0007 − 0.0320 − 0.0328
c9 0.0220 0.1202 0.0510 0.0855 0.0276 0.0577
c10 0.2829 0.0034 0.1812 − 0.0122 − 0.0580 − 0.1244
c11 − 0.4238 − 0.0062 − 0.3987 − 0.0330 − 0.0231 − 0.0417
c12 0.0354 − 0.1329 0.1189 − 0.0170 0.0420 0.1193

Table 8   PRCC for the 
frequencies of powertrain rigid 
body modes

Lateral mode Mode Pitch mode Yaw mode Vertical mode Fore-aft Roll mode

xfr − 0.176 − 0.925 − 0.115 − 0.306 − 0.196 − 0.070
yfr 0.223 0.058 0.197 − 0.040 − 0.174 0.756
zfr 0.163 0.164 0.046 0.089 − 0.021 − 0.204
xrr − 0.312 0.732 0.370 0.475 0.108 0.096
yrr 0.352 0.063 0.530 − 0.058 − 0.135 0.829
zrr 0.072 − 0.036 − 0.504 − 0.009 − 0.699 0.385
Kfx 0.202 0.126 0.164 0.060 0.824 − 0.261
Kfy 0.709 − 0.006 0.249 − 0.420 0.153 0.000
Kfz 0.004 0.865 0.025 0.661 0.081 0.262
Krx 0.261 0.159 0.204 0.063 0.992 − 0.250
Kry 0.808 0.017 0.707 − 0.041 0.173 0.061
Krz − 0.013 0.455 0.024 0.910 − 0.018 0.338
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Table 9   PRCC for KEDs Lateral Pitch Yaw Vertical Fore-aft Roll

xfr − 0.262 − 0.020 − 0.043 0.005 − 0.069 0.127
yfr 0.054 0.012 0.097 − 0.010 − 0.045 0.282
zfr 0.158 0.138 0.054 − 0.117 − 0.049 0.204
xrr 0.000 − 0.378 − 0.164 − 0.062 0.168 − 0.305
yrr 0.653 0.064 − 0.011 − 0.071 0.161 0.044
zrr 0.315 0.110 − 0.164 − 0.050 0.682 − 0.672
Kfx 0.100 0.025 0.024 − 0.022 0.062 − 0.112
Kfy 0.231 − 0.037 − 0.054 0.052 0.056 − 0.159
Kfz 0.006 0.095 0.044 0.105 − 0.107 0.292
Krx 0.583 0.033 − 0.057 − 0.033 0.192 − 0.503
Kry − 0.595 − 0.083 − 0.089 0.065 − 0.070 0.011
Krz − 0.065 − 0.111 0.179 0.000 − 0.145 0.594

Fig. 10   Sensitivity of modes a 
lateral, b pitch, c yaw, d verti-
cal, e fore-aft, f roll



	 Journal of the Brazilian Society of Mechanical Sciences and Engineering (2020) 42:486

1 3

486  Page 12 of 16

Frequency of powertrain lateral mode is most sensitive to 
rear mount stiffness in y-direction (24.5%) and front mount 
stiffness in the y-direction (21.5%) from Fig. 10a. Rear 
mount stiffness in the z-direction has little influence on the 
frequency of powertrain lateral mode, with only 0.1% sensi-
tivity. KED for lateral mode is most sensitive to rear mount 
location in y-direction (21.6%) and rear mount stiffness in 
the y-direction (19.7%) from Fig. 11a. Rear mount location 
in the x-direction and front mount stiffness in the z-direction 
are not sensitive to KED of the lateral mode with design 
sensitivities less than 1%.

Front mount location in x-direction and front mount 
stiffness in the z-direction have the greatest influence on 
the frequency of powertrain pitch rigid body mode of 
powertrain with 25.7% and 24%, respectively, as shown in 
Fig. 10b. It displays very little sensitivity to front and rear 

mount stiffness in the y-direction and rear mount location 
in the z-direction all less than 1%. KED for pitch mode 
is most sensitive to rear mount location in the x-direc-
tion (34.2%) and front mount location in the z-direction 
(12.5%), while it is least sensitive to front mount location 
in the y-direction (1%) as shown in Fig. 11b.

Rear mount stiffness in the y-direction (22.6%) shows 
the most influence on the frequency of powertrain yaw 
mode, followed by rear mount location in the y-direction 
(16.9%) from Fig. 10c. Both front and rear powertrain 
mount stiffness in z-direction have minimal influence on 
yaw mode, less than 1% design sensitivity. Rear mount 
stiffness in the z-direction (18.3%), rear mount location 
in the x- and z-directions (16.7% each) have the great-
est effect on the KED of the yaw mode, and rear mount 
location in the y-direction is the least contributing design 

Fig. 11   Sensitivity of KEDs a 
lateral, b pitch, c yaw, d verti-
cal, e fore-aft, f roll
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parameter to the KED of the yaw mode with 1.1% as 
shown in Fig. 11c.

Rear mount stiffness in z-direction with 29.1% emerges 
as the most significant influence on the frequency of pow-
ertrain vertical mode of the powertrain followed by front 
mount stiffness in the z-direction (21.1%) from Fig. 10d. 
Rear mount location in the z-direction has an influence of 
only 0.3%. KED of the vertical mode is found to be most 
sensitive to front mount location in the z-direction (19.8%) 
and front mount stiffness in the z-direction (17.7%), and 
least sensitive to rear mount stiffness in the z-direction with 
less than 1% sensitivity from Fig. 11d.

The frequency of powertrain fore-aft mode is found to be 
most sensitive to the rear and front powertrain mount stiff-
ness in the x-direction with 27.8% and 23.1%, respectively, 
as shown in Fig. 10e. Rear mount stiffness in z-direction and 
front mount location in the z-direction have little influence 
on the frequency of powertrain lateral mode with less than 
1%. Rear mount location in the z-direction (37.8%) and rear 
mount stiffness in the x-direction (10.6%) have the greatest 
effect on the KED of the fore-aft mode, and front mount 
location in the y-direction has the least effect, with only 
2.5%, according to Fig. 11e.

Front and rear mount locations in the y-direction have the 
greatest influence on the frequency of powertrain roll mode, 
with 21.5% and 23.6%, respectively, as shown in Fig. 10f. 
It shows very little sensitivity to front mount stiffness in the 
y-direction with less than 0.1%. KED for roll mode, shown 
in Fig. 11f, is most sensitive to rear mount location in the 
z-direction (20.3%) and rear mount stiffness in the z-direc-
tion (18%), while it is least sensitive to rear mount stiffness 
in the y-direction with only 0.3% design sensitivity.

3.5 � Design optimization results

The original design (frequencies of the modes and corre-
sponding KEDs are shown in Table 4) does not meet the 
following design targets:

•	 The frequency of powertrain roll mode of 19.2 Hz is 
higher than the target frequency of 18 Hz (design target 
1).

•	 The frequency of powertrain vertical mode does not meet 
the design target 2 since it is not between 8 and 10 Hz.

•	 The frequencies of powertrain lateral and pitch modes are 
separated by 0.1 Hz, yaw and lateral modes by 0.5 Hz, 
fore-aft and roll modes by 1.3 Hz, which are all lower 
than the target of 1.5 Hz.

•	 KEDs of lateral (76%) and yaw modes (71.5%) are lower 
than 80% violating the design target 4.

Variation of rear powertrain mount stiffness in the 
z-direction, which has the highest contribution of the fre-
quency of powertrain vertical mode, was increased to 
2000 mm since the constraint on the frequency of power-
train vertical mode was not satisfied. Feasible design set for 
which all constraints are met and pareto optimal design set 
is shown in Fig. 12.

Fig. 12   Feasible and pareto optimal design set

Fig. 13   Pareto frontier and selected optimized design marked by 
green circle

Table 10   Nominal vs. optimized design

Design Variable Nominal Optimized Change (%)

xfr (mm) 2600 2624 2.2
yfr (mm) 400 447 9.8
zfr (mm) 1250 1288 4.5
xrr (mm) 3800 3733 2.1
yrr (mm) 400 434 9.8
zrr (mm) 1150 1056 8.7
Kfx (N/mm) 800 776 2.3
Kfy (N/mm) 300 273 6.7
Kfz (N/mm) 1200 961 11.1
Krx (N/mm) 9000 10,406 20.0
Kry (N/mm) 2500 2006 20.0
Krz (N/mm) 3500 1988 45.4
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Optimum design is selected as the one circled in green 
in Fig. 13 which has the frequency of powertrain roll mode 
closer to 18 Hz and highest KED. Other pareto optimal 
design alternatives are also shown in Fig.  13. Design 
parameters corresponding to these configurations are 
shown in Table 10.

The base values of the objective functions, their value 
after optimization based on RSM models, and the results 
of ADAMS model using the optimized design variables 
are shown in Table 11. The frequency of powertrain roll 
mode from the ADAMS model is 17.7 Hz, which is only 
1.6% lower than the target of 18 Hz. KED of the roll mode 
from ADAMS model is 3.5% lower than the target of 90%. 
This design target has been met in the optimization study 
using RSM models. Variation of design constraints is 
shown in Table 12. The frequency of powertrain vertical 
mode of 9.9 Hz meets the design target. KEDs of fore-aft, 
vertical, yaw, pitch, and lateral modes after optimization 
and also with the ADAMS model are greater than 80%, 
which met the design targets. The frequencies of the pow-
ertrain modes were separated by 1.5 Hz except for pitch 
and lateral models with ADAMS model. For the later, 
although the optimization results assured 1.5 Hz separa-
tion for those two modes, it is 1.2 Hz with the ADAMS 
model as a result of the use of response surface models 
used in the optimization. This can be further improved 
to meet the design target by increasing the order of poly-
nomials used in the response surface models or by using 
alternative methods such as genetic algorithms as response 
surface models.

4 � Conclusions

In this study, we investigated the sensitivity of the design 
parameters of a powertrain mount system on the key perfor-
mance metrics. For that purpose, a sensitivity and optimiza-
tion methodology for the determination of powertrain mount 
locations and stiffness based on the minimization of vehi-
cle level vibration and noise was proposed. The variational 
design study was explained. The response surface models for 
the frequency of powertrain rigid body modes and KED’s 
associated with each mode were developed, and an optimiza-
tion study to place each powertrain rigid body mode at the 
desired frequency with desired KED was demonstrated on a 
4-point powertrain mounting systems. We believe that such 
a methodology will be beneficial for automotive OEMs to 
determine the main design parameters at the basic design 
cycle of an automotive. Besides, such a methodology is 
expected to resolve conflicting design constraints by the 
application of a formal optimization algorithm.

These results highlight the importance of a system-level 
approach to determine the effects of all key design param-
eters on the frequencies of each powertrain rigid body modes 
and KEDs associated with them. The complex relationship 
between the different design factors and the powertrain rigid 
body modes is especially important as a design guideline 
in the basic design cycle, where an automotive OEM can 
see which factor influences the frequencies of powertrain 
rigid body modes the most and prioritize the development 
of the design accordingly. The results also suggest that, 
in designing the powertrain mount systems for improved 
vibration and noise, it is important to look at the powertrain 
mount system as a system and not just a single design vari-
able such as mount location or stiffness in the specific axis. 
Finally, the results of this study also indicate that the differ-
ent design targets on the frequency of each powertrain mode 
and its KED make powertrain mount system design quite 
challenging as shown as a case study in the optimization 
of the powertrain mount system. The relationship between 

Table 11   Comparison of design objectives

Metrics Base Optimized RSM (ADAMS)

Frequency of power-
train roll mode (Hz)

19.2 17.9 17.7

KED roll (%) 94.6 89.8 87.3

Table 12   Comparison of design 
constraints

Metrics Base Optimized RSM (ADAMS)

Frequency of powertrain fore-aft mode (Hz) 17.9 19.4 19.4
KED fore-aft (%) 99.3 93.8 96.0
Frequency of powertrain vertical mode (Hz) 12.4 10.0 9.9
KED vertical (%) 98.4 97.4 95.9
Frequency of powertrain yaw mode (Hz) 11.9 12.0 12.2
KED yaw (%) 71.5 88.6 81.3
Frequency of powertrain pitch mode (Hz) 8.8 7.0 6.9
KED pitch (%) 98.1 98.1 92.3
Frequency of powertrain lateral mode (Hz) 8.7 8.5 8.1
KED mode (%) 76.0 96.6 90.5
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design parameters and proposed metrics was shown to be 
complex for the simplified model. The inclusion of more 
design parameters in the sensitivity analysis is likely to add 
more complexity. Therefore, a formal design sensitivity and 
optimization in which the coupling effects between various 
interacting design targets that are explored at every design 
stage is needed to optimize the powertrain mounting sys-
tems. There are also other factors such as the powertrain 
mass and inertia that were not part of the sensitivity studies, 
which have an influence on the frequencies of powertrain 
system modes and their KEDs. These parameters are not var-
ied considering that the automotive manufacturers are more 
flexible with the design changes related to the powertrain 
mount location and stiffness. Given the significant role of 
powertrain mount stiffness on vehicle performance, rubber 
mount suppliers should focus their attention to manufacture 
the stiffness properties in different directions and meeting 
other design targets such as the durability of the mounts.
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